On Market Timing and Investment Performance. I. An Equilibrium Theory
of Value for Market Forecasts

Robert C. Merton

Journal of Business, Volume 54, Issue 3 (Jul., 1981), 363-406.

Your use of the JSTOR database indicates your acceptance of JISTOR’s Terms and Conditions of Use. A copy of
JSTOR’s Terms and Conditions of Use is available at http://uk.jstor.org/about/terms.html, by contacting JSTOR at
jstor@mimas.ac.uk, or by calling JSTOR at 0161 275 7919 or (FAX) 0161 275 6040. No part of a JSTOR
transmission may be copied, downloaded, stored, further transmitted, transferred, distributed, altered, or

otherwise used, in any form or by any means, except: (1) one stored electronic and one paper copy of any article
solely for your personal, non-commercial use, or (2) with prior written permission of JSTOR and the publisher of
the article or other text.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or
printed page of such transmission.

Journal of Business 1is published by University of Chicago Press. Please contact the publisher for further
permissions regarding the use of this work. Publisher contact information may be obtained at
http:/fuk.jstor.org/journals/ucpress.html.

Journal of Business
©1981 University of Chicago Press

JSTOR and the JSTOR logo are trademarks of JSTOR, and are Registered in the U.S. Patent and Trademark Office.
For more information on JSTOR contact jstor @mimas.ac.uk.

©2001 JSTOR

http:/fuk.jstor.org/
Thu Jul 12 23:15:07 2001



Robert C. Merton*

Massachusetts Institution of Technology

On Market Timing and
Investment Performance.

I. An Equilibrium Theory of
Value for Market Forecasts

I. Introduction

The evaluation of the performance of investment
managers is a much-studied problem in finance.
The extensive study of this problem could be
justified solely on the basis of the manifest func-
tion of these evaluations, which is to aid in the
efficient allocation of investment funds among
managers. However, an equally important latent
function of these evaluations is to provide a
method of testing the Efficient Markets Hypoth-
esis.! If market participants are rational, a
necessary condition for superior performance is
superior forecasting skills on the part of the per-
former. Hence, these evaluations can help re-
solve whether or not the existence of different
information among market participants plays an
empirically significant role in the formation of
equilibrium security prices.

One of the principal applications of modern
capital market theory has been to provide a
structural specification within which to measure
investment performance and thereby to identify

* Tthank F. Black and J. Cox for many helpful discussions
and R. Henriksson for scientific assistance. Aid from the
National Science Foundation is gratefully acknowledged.

1. Because those who believe that they have superior fore-
casting skills are reluctant to make public the techniques they
use, the evaluation of investment performance is essential for
‘‘unbiased’’ testing on the Efficient Market Hypothesis.
Fama (1970) provides an excellent discussion of both the
Efficient Markets theory and the various attempts to test it.
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An equilibrium the-
ory for the value of
market-timing skills is
derived for the case
where there are only
two possible predic-
tions: either stocks are
predicted to outperforn
bonds or bonds are pre-
dicted to outperform
stocks. It is shown that
the pattern of returns
from successful market
timing has an isomor-
phic correspondence to
the pattern of returns
from following certain
option investment strat-
egies. This correspon-
dence is used to derive
a unique equilibri-

um price structure of
management fees which
are independent of in-
vestors’ preferences,
endowments, or prior
probability assessments
for stock returns.
Sufficient statistics for
evaluating market-
timing skills are de-
rived, and it is shown
that the number of cor-
rect forecasts is not a
useful statistic for this

purpose.
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superior performers if they exist. In this structure, it is usually as-
sumed? that forecasting skills can be partitioned into two distinct com-
ponents: (1) forecasts of price movements of selected individual stocks
(i.e., “microforecasting’’); and (2) forecasts of price movements of the
general stock market as a whole (i.e., ‘‘macroforecasting’’). Usually
associated with security analysis, microforecasting involves the
identification of individual stocks which are under- or overvalued rela-
tive to equities generally. In the context of the well-known Capital
Asset Pricing Model specification,® a microforecaster attempts to iden-
tify individual stocks whose expected returns lie significantly above or
below the Security Market Line. In his strictest form, the micro-
forecaster would only forecast the nonsystematic or ‘‘non-market-
explained’’ component of the return on individual stocks. For example,
suppose that the random variable return per dollar on security j be-
tween time ¢ and ¢ + 1, Z (), can be described by

Z;(t) = R(t) + B;[Zy(t) — R()] + €(0), 0]

where Z,(t) is the return per dollar on the market, R(¢) is the return per
dollar on the riskless asset, and €;(¢) has the property that its expecta-
tion conditional on knowing the outcome for Z,(t) is equal to its
unconditional expectation, that is, E[e,(t)IZM(t)] = Elei()]. Then a
strict microforecast about security j would be a forecast only about the
statistical properties of €;().

Macroforecasting, or ‘‘market timing,”’ attempts to identify when
equities in general are under- or overvalued relative to the fixed-income
securities. A macroforecaster or ‘‘market timer,”’ tries to forecast
when stocks will outperform bonds—that is, Z,(t) > R(t)—and when
bonds will outperform stocks—that is, Z,(t) < R(t). Since a mac-
- roforecaster only forecasts the statistical properties of Z,(t) or Z,(t) —
R(2), his forecasts can only be used to predict differential performance
among individual stocks arising from the systematic, or ‘‘market-
explained,’’ components of their returns, {B;[Z..(t) — R(¥)] + R(t)}. Of
course, both micro- and macroforecasting can be employed to forecast
both components of the returns on individual stocks.

Most of the theoretical and empirical research has focused on the
performance of portfolio managers who are assumed to be mi-
croforecasters (i.e., individual stock pickers).? However, there are
notable exceptions. Using both micro- and macroforecasting, Fama

2. See Fama (1972).

3. The ‘““Capital Asset Pricing Model”’ refers to the equilibrium relationships among
security prices which obtain when investors choose their portfolios according to a
mean-variance criterion function and have homogeneous beliefs. See Sharpe (1964),
Lintner (1965), and Mossin (1966) for the original derivations. For a comprehensive
review of the model, see Jensen (1972b).

4. See Treynor and Black (1973), Treynor (1965), Sharpe (1966), and Jensen (1968,
1969). Jensen (1972b) provides a summary of the empirical studies.
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(1972) and Jensen (1972a) examine in detail the theoretical structure of
portfolio performance patterns for managers. Jensen also points out the
difficulties in identifying empirically the individual contributions of
each to overall performance. Grant (1977) derives the effects of
market-timing activities on the performance measures employed in the
empirical studies which assume microforecasting skills only. Treynor
and Mazuy (1966) look for evidence of macroforecasting skills by
analyzing return data on mutual funds. Sharpe (1975) simulates the
patterns of returns on a portfolio managed by a hypothetically suc-
cessful market timer. All these studies have in common the fact that
they assume a Capital Asset Pricing Model framework.5

A fundamental difference between the model presented here and these
earlier models is that I assume that the market timer’s forecasts take a
very simple form, namely, the market timer forecasts either that stocks
will earn a higher return than bonds or that bonds will earn a higher
return than stocks. By comparison with the Jensen (1972a) formula-
tion, my model may appear to be less sophisticated because the market
timer in the model developed here does not forecast how much better
the superior investment will perform. However, when this simple fore-
cast information is combined with a prior distribution for returns on the
market, a posterior distribution is derived which does permit probabil-
ity statements about how much better the superior investment will
perform. By formulating the problem in this way, I am able to study
market timing without assuming a Capital Asset Pricing Model
framework, and therefore, for the most part, my conclusions will be
robust with respect to assumptions about the distribution of returns.

My study of market timing is broken into two parts. In the first part,
which is presented here, I develop the basic model and analyze the
theoretical structure of the pattern of returns from market timing. From
this analysis, I derive an equilibrium theory of value for market-timing
forecasting skills. In the second part, to be presented in a subsequent
paper, I use the structure derived here to develop both parametric and
nonparametric statistical procedures to test for superior forecasting
skills. These tests of investment performance will distinguish market
timing from individual stock selection skills.

The principal findings of the first part can be summarized as follows:
The pattern of returns from successful market timing will be shown to
have an isomorphic correspondence to the pattern of returns from
following certain option investment strategies where the (‘‘implicit’’)
prices paid for options are less than their ‘‘fair’’ or market values. That
is, the return patterns from successful market timing will be virtually
indistinguishable from the return patterns of these option strategies if

S. Specifically, they assume that stock returns are normally distributed and that
relative to the ‘‘public’’ information set, securities are priced so as to satisfy the Security
Market Line.
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the managers of the latter can identify and purchase ‘‘undervalued’’
options.

Using this isomorphic correspondence, we can determine the value
of market-timing skills. In making this determination, I begin by
analyzing how investors would use the market timer’s forecast to
modify their probability beliefs about stock returns and, from this
analysis, derive both necessary and sufficient conditions for such fore-
casts to have a positive value. It is shown that the probability of a
correct forecast by the market timer is neither a necessary nor a
sufficient statistic for determining whether or not his forecasts have
positive value. Rather, it is the probability of a correct forecast, condi-
tional upon the return on the market, which serves as such a sufficient
statistic.

Under the assumption that the aggregate size of transactions based
on the market timer’s forecast is small enough to have a negligible
effect on market prices, a unique equilibrium price structure of man-
agement fees is derived. The derived management fees depend only on
the conditional probabilities of a correct forecast and the market prices
of options, and therefore, they are independent of investors’ prefer-
ences, endowments, or prior probability assessments for stock returns.
Previous research into the determination of management fees along
these lines can be found in Goldman, Sosin, and Gatto (1978) and
Goldman, Sosin, and Shepp (1978). However, unlike these earlier
analyses, I derive the equilibrium management fees for imperfect
market-timing forecasts and obtain my results with no specific as-
sumptions about either the distribution of returns on the market or the
way in which option prices are determined.

The paper proceeds as follows: In Section II, I develop the model
and derive the equilibrium management fee for the special case where
the information set available to all investors (other than the forecaster)
is the same and the market timer is a perfect forecaster. Although these
assumptions are empirically unrealistic, the analysis of this case
provides a useful ‘‘benchmark’’ for interpreting the results derived in
the general case. Indeed, the comparative statics propositions proved
in this section will apply to the general case. In Section III, the model is
developed for the general case where investors may have different
information sets, and therefore heterogeneous beliefs about the distri-
bution of returns on the market, and the market timer is an imperfect
forecaster. In Section IV, the equilibrium structure of management
fees for market timing is derived for this general case.

II. Homogeneous Beliefs and Perfect Forecasting

In this section, I develop the model for the case where there are many
investors with homogeneous probability beliefs and a single investor
who is a perfect market timer.
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At each point in time ¢, =0, 1, 2, . . ., let ¢(¢) denote the common
(‘‘public’’) information set which is available to all investors. Based
upon ¢(¢), investors form a probability assessment for Z,(¢), the return
per dollar on the market between ¢ and ¢+ + 1. Because the public
information available to all investors is the same, it is reasonable to
assume that the probability density function derived by each investor is
the same and let f(Z,t) denote this common density function. It is
further assumed that this agreed-upon density function satisfies
Rational Expectations in the sense that relative tg information set ¢(¢),
the (ex post) path of market returns is consistent with the (ex ante)
probability beliefs for that path as expressed by f. There is a default-
free bond whose return per dollar between ¢ and ¢ + 1 is known with
certainty as of date ¢, and we denote the return per dollar on this
security by R(%).

In addition to the public information set ¢(¢), one investor has
information which he uses to make a market-timing forecast. The
nature of this information, when fully exploited, is such that this
investor can forecast when stocks will outperform bonds, Z,;(¢) > R(?),
and when bonds will perform at least as well as stocks, Z,(t) < R(¢). In
this section, it is assumed that his forecast is always correct. Although
this forecast is clearly valuable, its direct sale to other investors is
difficult because its dissemination cannot be controlled. Hence, to
exploit his information edge, it is assumed that the forecaster forms an
investment company or mutual fund which he manages in return for
fees. The investment policy of the fund is to invest in the market and
bonds according to his forecast. As is the case for ‘‘real world”
investment companies, investors in this fund do not know in advance
either the manager’s forecast or the positions he has taken. Of course,
ex post, they will know both, and whether or not the forecast was
accurate, by simply observing the asset returns. It is further assumed
that the total assets invested in the fund are small enough so that
purchases and sales by the fund have a negligible effect on market
prices.

The usual ‘‘frictionless’’ market assumptions, including no taxes and
transactions costs, are made throughout the paper. However, for the
analysis in this section only, neither borrowing (to buy securities) nor
selling short is permitted. Because of the perfect forecast assumption,
in the absence of such restrictions the manager would exhibit infinite
demands for securities, which is, of course, inconsistent with the
price-taker assumption. Since this derived behavior is caused by the
crude assumption of perfect forecasting along with the willingness of
others to extend unlimited credit, nothing in terms of insights into the
real world is lost by imposing these restrictions here. Indeed, most
investment company charters prohibit borrowing or selling short, and
all limit to some degree the extent to which either can be carried out.
Hence, given these restrictions, the manager will follow the strategy of
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investing all the assets in whichever security dominates the other on
the basis of his forecast.®

I formally represent the forecast at time ¢ by the variable y(¢), where
v(t) = 1if the forecast is that Z,(¢) > R(t) and y(#) = 0 if the forecast is
that Z,(t) < R(t). Because f(Z,t) is a rational-expectations density
function relative to information set ¢(z), the probability density for the
return on the market conditional on the forecast y(t) = vy, f*, can be
written as

F*Zt|ly =1 - NfZna), 0<Z<R(@)
= yfZ Il — q®)], R()<Z <, ¥))

where
R(t)

q) = | fZ.ndZ

is the probability that the return on the market is less than the return on
bonds based upon the public information set ¢(¢). Of course, a neces-
sary condition for equilibrium is that g(t) > 0. Although the analysis is
not Bayesian, I borrow its terminology and refer to f(Z,t) as the prior
distribution for the market return and f*(Z,t | y) as the posterior distri-
bution.

The outside investors in the fund do not know what the forecast will
be. Hence, from their perspective, y(¢) is a random variable with
prob {y(t) = 0} = q(¢). The expected value of y(¢), E {y(t)}, is equal to
1 — gq(t), the unconditional probability that the return on the market will
exceed the return on bonds. If A(?) equals the total value of investment
in securities by the fund at time ¢ and F(¢) equals the total fees paid at
the beginning of period ¢ for managing the fund between ¢ and ¢ + 1,
then the total (gross) dollar amount invested in the fund at time ¢, 1(¢),
satisfies I(t) = A(¢) + F(¢).

Although the outside investors do not know what the forecast will be,
they do know that the forecast will be correct and that the manager will
invest all the fund’s assets in the market if y(z) = 1 and in bonds if y(z)
= (. Therefore, the random variable end-of-period value of the assets,
V(t + 1), as viewed by an outside investor can be written as

V(@ + 1) = max [A()R(@), A()Z ()]
= A(DR(t) + max [0,A(1)Z,(t) — A()R(1)] (3)
=A@)R() + A(t) max [0,Z,(t) — R(1)],
where the distribution function for Z,(z) is given by f(Z,).
6. The term ‘‘dominates’’ is used here as it is defined in Merton (1973a, p. 143),
namely, security A dominates security B if the return on A will exceed the return on B
for some possible states of the world and will be at least as large as the return on B in all

possible states of the world. Clearly, it is never optimal to invest positive amounts in a
dominated security.
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For expositional convenience,” suppose that one ‘‘unit” (or
‘‘share’’) in the market portfolio is defined such that the current cost of
acquiring one share equals $1. Then, from (3), the end-of-period value
of the fund will be identically equal to the end-of-period value of a
portfolio which follows the investment strategy of holding $A(z) in
bonds and one-period call options on A(¢t) shares of the market
portfolio with exercise price per share of R(¢).® Such an investment
strategy is a specific example of a class called ‘‘options-bills’’ or
‘‘options-paper’’ strategies.®

In the absence of management fees, the investment returns from this
type of perfect market timing are identical to those that would be
earned from the above options-bills strategy (which uses no market-
timing information) if the call options could be purchased at a zero
price. To see this, note that in the absence of management fees, the
initial investment required in the market-timing strategy to generate the
end-of-period dollar return in (3) is 7(¢) = A(¢). To generate the same
end-of-period dollar return using the options-bills strategy requires an
initial investment of $A(¢) in bonds plus the cost of acquiring the call
options on the market portfolio. Since the dollar return (3) can be
achieved using the maket-timing strategy with an initial investment of
only $A(t), the economic value of this type of perfect market timing
(per dollar of assets held by the fund) is equal to c¢(¢), where c(¢) is the
market price of a one-period call option on one share of the market
portfolio with an exercise price of R(z).

We can rewrite (3) as

Vit + 1) = A()Z(1) + max [0,A(DR() — ADZ(D)]
= A()Zy(t) + A(t) max [0,R(t) — Z,, ()] Q)

Inspection of (4) shows that the dollar return on the assets of the fund is
also identical to the dollar return on a portfolio which follows the
investment strategy of holding A(¢) shares (at $1 per share) of the mar-
ket portfolio and a one-period put option on A(¢) shares of the market
portfolio with an exercise price per share of R(¢).1° Such an investment

7. Therefore, the ‘‘end-of-period’’ value of one share will be Z,(r). At that time, the
stock is “‘split”’ (or ‘‘reverse’’ split) Z,(¢) shares-for-one so that the purchase price of one
share is always $1. Of course, Z,(¢) includes both dividends and capital gains and no
distinction is made between the two throughout the paper.

8. An ‘“‘American”’ call option gives its owner the right to purchase a specified number
of shares at the exercise price on or before the expiration date. If it is not exercised by
that time, it becomes worthless. The call option in the text is ‘‘European’’ and therefore
can only be exercised on the expiration date. Moreover, it is also ‘‘payout protected”
(see Merton 1973a, p. 151) and therefore its value is not affected by the composition of
the market’s return between dividends and capital gains.

9. For a description and analysis of these strategies, see Merton, Scoles, and Glad-
stein (1978).

10. An ‘‘American’’ put option gives its owner the right to sell a specified number of
shares at the exercise price on or before the expiration date. As for the call option
discussed in n. 8, the put option in the text is European and payout protected.
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strategy is an example of a ‘‘protective put’ or ‘‘insured equity”’
strategy.!!

As with the options-bills strategy, to achieve the end-of-period dollar
return (4) using the protective put strategy (with no market-timing
information) requires an initial investment of $A(¢) in the market
portfolio plus $A(¢)g(¢t) in put options where g(¢) is the market price of a
one-period put option on one share with an exercise price of R(z).
Hence, the economic value of this type of perfect market timing (per
dollar of assets held by the fund) is also equal to g (). However, there is
no inconsistency in using either the call or put isomorphic relationship
to determine the economic value of the information because c(¢) = g(¢)
by the well-known Parity Theorem.!?> (Note that the market prices of
the options are the equilibrium prices based upon the public informa-
tion ¢[r].)1

As has been discussed elsewhere,* the put option as an instrument is
very much analogous to a term insurance policy where the item insured
is the value of the underlying stock and the maximum coverage (or
““face value’’) of the policy is the exercise price. Through the derived
correspondence of the market-timing strategy with the protective put
strategy, we therefore have that the principal benefit of market timing
is to provide insurance. The investor who follows the uninformed
strategy of always holding the market suffers the capital losses as well
as enjoying the gains from market movements. However, the success-
ful market timer earns the gains but is ‘‘insured’’ against the losses.

From (3) or (4), the return per dollar on the fund’s assets, X(¢) [=
V(t + 1)/A(@)], can be written as

X(t) = max [Z,(1), R(1)]

= R(t) + max [0,Z,(t) — R(?)] &)
= Zy(t) + max [0,R(2) — Zy(?)].

From (3) and (5), the return per dollar to the investors in the fund can
be written as

Ve + D/I@E) = X1 + m(1)], 6)

11. For a description and analysis of these strategies, see Merton, Scholes, and
Gladstein (in press).

12. If borrowing and lending interest rates are equal, then for payout-protected Euro-
pean options on the same stock with the same exercise price and expiration dates, g(¢) =
c(t) — S + E/R(t) where S is the current stock price and E is the exercise price. In the
case in the text, S = 1 and E = R(¢), and so, g(t) = c(t). For a proof and discussion of the
Parity Theorem, see Merton (1973a, p. 157, theorem 12; 1973b).

13. As was assumed for stocks and bonds in the text, I assume that the market timer’s
actions have no effect on option prices. Of course, based upon his information set (with
no borrowing or selling short), the call option would be worthless if y(#) = 0 and the put
option would be worthless if y(t) = 1.

14. See Merton et al. (1978, pp. 185-88).
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where m(t) = F(t)/A(¢) is the management fee expressed as a fraction of
assets held by the fund. If, as is reasonable to assume, investors
behave competitively, then the equilibrium management fee will be
such that the market timer extracts all the economic benefit from his
differential information. As was shown, the economic value of his
forecast per dollar of invested assets is equal to g(¢). Therefore, the
equilibrium management fee as a fraction of invested assets will satisfy

m(t) = g(t)
= c(1). )
Expressed as a percentage of gross investment, the fee is given by
F®I(@) = m@)[1 + m()]
=g/ + g@)]. ®

Another way to see that (7) is the correct equilibrium management
fee is as follows: In equilibrium, the cost to the investor for receiving a
specified pattern of returns should be the same independent of the
manner in which that pattern is created. From the viewpoint of the
investor, the fund is a ‘‘black box’’ in the sense that all he can observe
is the pattern of returns generated by the fund. He does not observe the
forecasts or the resulting transactions made by the manager to create
that pattern. So, for example, a manager with no forecasting skills
could guarantee the dollar return V(¢+ + 1) given in (4) by simply
investing $A(¢) in the market and $A(¢)g(¢) in put options on the market
with exercise price per share of R(z). Viewed as a black box, the dollar
returns to this manager’s fund would be identical to the dollar returns
from the market timer’s fund. Of course, the cost to the former of
achieving this dollar return would be A(¢) + A(®)g(t) = [1 + g(1)]IA(?).
Equating this cost to the cost of the latter, we have that [1 + g (¢)]A(¢) =
[1 + m(£)]JA(z) or m(t) = g(¢). At this fee, the investor would be just
indifferent between investing in either of the two funds. Since the
investor can always choose to follow this protective put strategy, I
have also shown that the management fee given in (7) is the maximum
fee which the market timer can receive.

If the environment were such that investors in the fund had some
market power, then they could bargain away from the manager some of
the economic value of the forecast, and the management fee would be
less than g (7). In this case, the returns earned by investors in the fund
would be identical to those earned by following a protective put strat-
egy using no market timing where the investors can identify and pur-
chase ‘‘undervalued’’ puts. Specifically, if A is defined such that m(t) =
Ag(1)(0 < A < 1), then the returns earned by the investors would be *‘as
if”> they could purchase puts at 100(1 — A\)% less than their ‘‘fair’’
value.
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From (7), one could in principle use observed put- and call-option
prices to estimate the value of macroforecasting skill. Moreover, this
correspondence permits the direct application of the extensive results
derived in option pricing theory!® to a comparative statics analysis of
equilibrium management fees. From such an analysis, the following -
propositions can be established.

ProrosiTioN II.1: The management fee is a nondecreasing function
of the riskiness (volatility) of the market portfolio.

In Merton (1973a, p. 149, theorem 8), it is shown that a call option’s
price is a nondecreasing function of the riskiness of its underlying stock
where the definition of ‘‘more risky’’ is that of Rothschild and Stiglitz
(1970).1¢ The proof of the proposition follows directly from (7) because
m(t) = c(¢). Thus, the more uncertain investors are about the outcomes
for the market, the more valuable is the market timer’s forecast.

In the analysis, the forecasts are made at discrete points in time (¢ =
0,1,2,...). Let r denote the actual length of time between forecasts in
some fixed time unit such as ‘‘one day.”’ So, for example, if the market
timer’s forecast is for a month, then 7 = 30 (days). In his forecast is for
a quarter, then 7 = 91 (days). The percentage management fee per
forecast period is m(t).

ProrosiTion II.2: The management fee (per forecast period) is a
nondecreasing function of the length of the forecast period, that is,
om/or = 0.

From (7), m(¢) is equal to the value of a call option with length of time
until expiration of 7. In Merton (1973a, p. 143, eq. [4]), it is shown that
a call option is a nondecreasing function of its length of time until
expiration. Proposition II.2 follows directly. Hence, the management
fee for 1 month for a manager making 1-month forecasts is at least as
large as the management fee for 1 week for a manager making 1-week
forecasts. However, this does not imply that the services provided by
the manager who makes 1-month forecasts are more valuable than the
services provided by the manager who makes 1-week forecasts. In-
deed, as the proof of the following proposition demonstrates, quite the
opposite is true.

ProrosiTioN II.3: If the riskless bond interest rate is nonstochastic
over time, then the management fee per fixed unit of time (i.e., the
management fee rate) is a nonincreasing function of the length of the
forecast period.

15. For a comprehensive survey article on option pricing theory, see Smith (1976).

16. See Rothschild and Stiglitz (1970). Their definition of ‘‘more risky’’ refers to the
“total” risk of a security and should not be confused with the ‘‘systematic’’ or
“‘portfolio”’ risk of a security. See Merton (in press) for further discussion.
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Suppose that a market timer will make T forecasts during a fixed time
interval 7. Then, the return per dollar of assets invested in his fund for
this period, X,, can be written as

X, = H max [Z,(1), R(®)] = [n R(t)j|n max [Q(?),1],
=1 =1 =1

where Q(¢) = Z,(t)/R(¢). Consider a second market timer whose fore-
cast interval equals 7 and who therefore makes only one forecast for
this period. Then, the return per dollar of assets invested in his fund for
this period, X,, can be written as X, = max [Z,,R], where Z,, is the
return per dollar on the market over the interval 7 and R is the return on
a riskless security over the interval 7. Clearly,

Zy = HZM(I).

By hypothesis, interest rates are nonstochastic, and therefore, to avoid
arbitrage,

R = ﬁR(z).
t=1

Hence, X, can be rewritten as

X, = max [ﬁ Z,(1), ﬁ R(t)} = [ﬁ R(t)] max [IT—[ Q(t),l}.
t=1 t=1 t=1 t=1

Ifeither Z,(t) = R(t)fort=1,...,TorZ,[t) <R@)fort=1,...,T,
then

max [n Q(t),l} = H max [Q(1),1].
t=1 t=1
Otherwise,

max {H Q(t),l} <[] max 0@, 11.
t=1 t=1

Hence, for all possible outcomes, X; = X,, and for some possible
outcomes, X; > X,. Therefore, all investors would be willing to pay at
least as large a (and generally, larger) management fee (per time inter-
val 7) for the first fund as they would for the second fund.

The most widely used formula for evaluating options was developed
in a seminal paper by Black and Scholes (1973). Under the twin as-
sumptions that trading takes place continuously and that the underlying
stock returns follow a continuous sample path diffusion process with a
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constant variance rate, they use an arbitrage argument to deduce a
formula for a call option given by’

fS,T,E) = SP(x,) — Ee"®P(x,), ®

where x, =[log (S/E) + (r + 4 e3Tl/o VT, x, =x, — aVT, ®( ) is the
cumulative normal density function, S is the current stock price, T is
the length of time until expiration, E is the exercise price per share, r is
the instantaneous rate of interest, and o2 is the instantaneous variance
per unit time of the rate of return on the stock.

If the conditions required for the valid application of the Black-
Scholes formula are satisfied, then from (7) we can use formula (9) to
evaluate the equilibrium management fee. For the purposes of this
paper, S = 1, E = R(t), T = 7, and exp [—rT] = 1/R(¢). Hence, under
the conditions that trading takes place continuously in time and that the
rate of return on the market portfolio follows a diffusion process with a
variance rate which is constant over (at least) the forecast interval, the
equilibrium management fee can be written as

m(t) = 204 o(t) V7] — 1, (10)

where o2(¢) is the constant-over-the-forecast-interval variance rate at
the time of the ¢th forecast and 7, as before, is the length of the forecast
interval.

ProposiTioN 11.4: If the conditions for the Black-Scholes option
formula are satisfied, then the percentage management (per forecast
interval) is: (1) an increasing function of the forecast interval; (2) an
increasing function of the variance rate on the market; and (3) indepen-
dent of the level of the interest rate (i.e., the return per dollar on the
riskless asset).

The proof follows immediately by differentiating m(¢z) in (10) with
respect to each of these parameters: om/dr = o(¢t) exp [—o(t)r/8)/
\V8mr > 0 and om/da(t) = V7 exp [—oXt)r/8)/ 27 > 0, where
Om/OR(t) = 0. Part 1 of proposition II.4 is obviously a special case of
proposition II.2. Indeed, as was shown in Merton (1973a, p. 180, app.
2), part 2 of proposition II.4 is just a special case of proposition II.1.
Part 3 of proposition I1.4 conflicts with the usual comparative static
result that the price of a call option is an increasing function of the
interest rate.!® The reason for the difference is that the exercise price of
the call option corresponding to the management fee is an increasing
function of the interest rate, whereas in the usual comparative static
analysis the exercise price is held fixed. Because the price of a call
option is a decreasing function of its exercise price, the positive re-
lationship between the exercise price and the interest rate brings in an

17. This formula applies for a payout-protected European call option which is exactly

appropriate for the purposes of the text.
18. See Merton (1973a, pp. 145-46, and theorem 14, p. 167).
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offsetting negative effect on value in this case. While I have only shown
that the management fee is independent of the interest rate in the
special case when Black-Scholes applies, I conjecture that this result
will obtain under more general conditions. The basis for this conjecture
is that, unlike the call option, the price of a put option is usually
believed to be a decreasing function of the interest rate. However, as I
have shown, the management fee can also be expressed in terms of a
put option’s price. Since, whether expressed as a put or a call, the
effect of a change in the interest rate on the management fee must be
the same, I am led to the belief that it will be independent of the interest
rate.

Formula (10) can also be used for the management fee to provide a
quantitative example of proposition II.3. Suppose the variance rate for
the market returns is a constant ¢2. Then, from (10), the percentage
management fee (per forecast interval) will be the same each period.
Let m, denote the percentage management fee for a fixed time period T
where n is the number of forecast periods contained in that fixed time
period. That is, the forecast interval 7 equals T/n. Because in this case
the management fee per forecast period is the same each period, we
have from (10) that

m,=[1+m@]" -1
= 2"®"1/2 oVI/n) — 1. (11

One can verify by differentiation of (11) that dm,/8n > 0, and, indeed,
in the limit of continuous perfect forecasting (i.e., as n— «), m, — .
That is, from (8), the percentage management for a fixed time period
approaches 100% of gross investment.'® Using (10) and (11), we com-
plete the comparative statics analysis with tables 1 and 2 where the
magnitudes of the equilibrium management fees are presented for typi-
cal forecast intervals and market volatilities.

To further develop the return characteristics associated with market
timing, I shall return to my earlier analysis and compare the pattern of
returns from the perfect market-timing strategy with the patterns
generated by the ‘‘no-information’’ option strategies used to derive the
equilibrium management fee. If the return per dollar from a protective
put strategy with no forecasting information is denoted by Y(¢), then

Y(1) = X011 + g(@)], (12)

where X(¢) is the return per dollar from perfect market timing given in
(5). The difference in the expected return because the two strategies
can be written as

E[X(®)] — E[Y()] = gE[Y®)]. 13)

19. This limiting management fee of 100% is caused by the Brownian motion assump-
tion used by Black and Scholes, and it may not obtain for other processes.
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For even relatively long time intervals, E[Y ()] = 1 and g(¢) << 1. For
example, if the forecast interval is 1 year and if the expected annual
rate of return on the protective put strategy is 15%, then E[Y(¢)] =
1.15. Using the Black-Scholes formula with a standard deviation for the
market of 20%, the 1-year value for g(¢r) would be .08. If the forecast
interval were 1 month, then the corresponding values for E[Y(z)] and
g(t) would be 1.012 and .024, respectively. Hence, from (13), the
differences in the expected rates of return will be quite significant. In
the examples given, the perfect forcasting strategy for an annual
forecast will have an expected rate of return of 24%, which is a 60%
increase over the 15% for the protective put strategy. For a monthly
forecast, the monthly expected rate of return will be 2.4%, which is
twice the 1.2% return expected for the protective put.

While the significantly higher expected return from the perfect timing
strategy is probably no surprise, the relative characteristics of the
higher moments of the two return distributions may be. If M ,(Z) de-
notes the nth central moment of the random variable Z, then, from
(12),

M,[Y ()] = M XV + g@®)]™ (14)

Thus, all the higher moments of the perfect timing strategy returns are
larger than the corresponding moments of the protective put strategy.
Hence, while one might have believed that the perfect market-timing
information would result in a significantly smaller standard deviation of
return than the ‘‘no-information’’ protective put strategy, it does not,
and, in fact, its standard deviation is higher.2® However, to a close
approximation, the standard deviations of the two strategies will be the
same. For example, if the monthly standard deviation of the protective
put strategy were 4%, then the monthly standard deviation of the
perfect timing strategy would be 4.1%. Indeed, to a reasonable ap-
proximation, M,[Y(¢)] = M [X(¢)] for n > 2. To further illustrate this
point, I simulated the return experience from the perfect market-timing
and protective put strategies with a 1-month forecast interval for the
period 1927-78. Summary statistics from these simulations are pre-
sented in table 3, where the New York Stock Exchange Index was used
for the market and 30-day Treasury bills were used for the riskless
asset.?!

20. Note that this higher standard deviation is fundamental in the sense that there is no
other strategy that the market timer could pursue which would lower the standard
deviation and not be suboptimal. For example, to reduce his standard deviation by
always holding some portion in the riskless security would mean that at those times when
v(t) = 1 he would be holding positive amounts of a dominated security which is never
opgln.lz}}:he put option premiums used in this simulation were computed using formula (10)
with o(¢) estimated for each month by the square root of the average of the squared
logarithmic returns on the market for the 12 previous months. The return data include

dividends. The reader may find it interesting to compare my perfect timing returns with
those reported in Sharpe (1975).
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TABLE 3 Summary Statistics for Monthly Rate of Return Simulations:
Perfect Market Timing versus Protective Put Strategy,
January 1927-December 1978

Market Protective NYSE
Per Month Timer Put* Stocks
Average rate of return 2.58% .55% .85%
Average excess return 2.37% .34% .64%
Standard deviation 3.82% 3.55% 5.89%
Highest return 38.55% 30.14% 38.55%
Lowest return —.06% —7.06% -29.12%
Average compound return 2.51% .49% .68%
Coefficient of skewness 4.28 2.84 42
Average annual compound return 34.65% 6.04% 8.47%
Growth of $1,000 (1927-78) $5,362,212,000 $21,400 $67,527

* These returns also represent the simulated return experience of the market timer’s fund after
deducting the monthly management fee. This monthly management fee, which is equal to the 1-month
put price, averaged 2.02% for the simulation period. However, within this period the fee often varied
significantly from this average. The lowest monthly fee was 0.67% and the highest was 7.63%, with an
overall standard deviation of 1.20%. The large variations in the put price through time caused the time
series estimates of the standard deviation and coefficient of skewness for the protective put strategy
to differ from the corresponding estimates for the market-timing strategy by more than the single-
period amounts derived in the text.

The preceding analysis was made under the assumption that bor-
rowing to buy securities and selling short are not allowed. Of course, in
the real world, such margin transactions are permitted, although there
are limits which are set by the Federal Reserve Board under Regulation
T. Although the equilibrium management fee will be affected by the
margin limits, the basic analysis remains unchanged as long as there are
limits.

Let w(o < u =< 1) denote the margin requirement set by the Federal
Reserve. Then, investors may borrow to buy securities up to u times
the value of the securities purchased. So, for example, if © = 0.50 (a
““50%'’ margin requirement), then for each dollar of securities pur-
chased, the investor can borrow 50 cents. Equivalently, for each dollar
the investor provides, he can purchase up to $(1/u), or $2.00 worth of
securities.

The same margin requirement w also establishes the amount of
assurance money that must be posted as collateral for short sales. For
each dollar of securities sold short, the investor must put up $u in
addition to the proceeds from the short sale. If u = 0.50, then for each
dollar sold short, the investor must post 50 cents in addition to the
dollar received from the sale. So, for each dollar the investor provides,
he can sell short $(1/w), or $2.00 worth of securities.

Both institutions and individual investors are subject to the same
margin regulations. However, as noted earlier, investment companies
are frequently subject to further restrictions on borrowing and short
selling. To take this into account in the analysis, let u' denote the
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margin restriction on the fund where u’ = u. Otherwise we maintain
the usual ‘‘frictionless’’ market assumptions that the (margin) bor-
rowing rate to both individual investors and the fund are the same and
equal to the lending rate and that the interest earned on assurance
money and proceeds of short sales accrues to the short seller.

ProposiTIiON II.5: If the fund is permitted to borrow to buy securities
with a margin requirement w1’ but is prohibited from making short sales,
then the equilibrium percentage management fee (per forecast interval)
is given by m(@t) = c@)/n’ = g@®)/u’.

The proof of proposition II.5 goes as follows: If the market timer’s
forecast is that Z,(t) > R(t), then, of course, the manager will invest as
much of the fund’s assets in the market as he is permitted to. Hence,
for Z,(t) > R(t), the return per dollar of assets in the fund will be R(¢) +
[Z:At) — R@))/ ' . If his forecast is that Z,(r) < R(¢), then because he
cannot sell short, he will invest all the fund’s assets in the riskless bond
and the return per dollar of assets in the fund will be R(¢). Therefore,
from the viewpoint of the outside investors, the random variable return
per dollar of assets in the fund can be written as

X(t) = max [R(1),R(t) + [Zy(t) — R())/p']

= R() + max [0,Z,(r) — ROV (as)

Therefore, if the management fee is m(¢), the return per dollar to the
outside investor’s portfolio, Z,(t), can be written as

Z,(0) = X@)/[1 + m(@)]
= {R(t)+ max [0,Z,(t) — ROV} + m@)]. (16)

Consider the option-bills strategy where, for each dollar invested in the
riskless asset, (1/u') call options on the market with exercise price per
share R(¢) are purchased. The return per dollar from this strategy will
be {R(t) + max[0,Z,,(t) —R(t)l/un'}/[1 +c(t)/u'], where, as before, c (¢)
is the market price of the call option. By inspection of (16), the return
per dollar to the investor in the absence of management fees will be
identical to the return on this options-bills strategy where the investor
pays nothing for the calls. Hence, by the same arguments used to
derive (7), the equilibrium management fee (as a percentage of assets)
will equal c(¢)/u’. As was shown earlier, c(t) = g(¢). Hence, the
management fee can also be expressed as g(¢t)/u’. Of course, if the
margin requirement is 100%, then u = u’ = 1 and the management fee
reduces to c¢(¢) as given in (7).

ProrosiTioN II.6: If the fund is permitted to both borrow to buy
securities and make short sales with a margin requirement u’, then the
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equilibrium percentage management fee (per forecast interval) is given
by m(t) = [c(t) + g/ = 2c(@)/p' = 22@)/w’.

The proof of proposition I1.6 follows along the lines of the previous
proof. As before, if the manager’s forecast is that Z,(z) > R(z), then the
return per dollar of assets in the fund will be R(¢) + [Z)(z) — R(t)V/u'.
However, now if his forecast is that Z,(t) < R(t), the manager will
short sell the market to the maximum permitted and the return per
dollar will therefore be R(¢) + [R(t) — Z,(t))/n’. From the viewpoint of
an outside investor, the return per dollar of assets in the fund is given
by

X() = max {R() + [Z,1) — RV’ R@) + [R@) — Z,,)Vp'}
= R(t) + {max [0,Z,(¢) — R(t)] + a7
max [0,R(t) — Zy(1)]}/u'.

Hence, if the management fee is m(¢), the return per dollar to the
outside investor’s portfolio can be written as

Z,(t) = [R(t) + {max [0,Z,(t) — R(®)]
+ max [0,R(t) — ZM(t)]}/,u']/[l + m()). (18)

A straddle is a put and a call with the same exercise price and expira-
tion date. Consider the ‘‘straddle-bills’’ strategy where, for each dollar
invested in the riskless asset, (1/u’'), straddles on the market with
exercise price per share R(¢) are purchased. Since the market price of a
straddle equals c(¢) + g(¢), the return per dollar from this strategy
equals X (¢)/{1 + [c(¢) + g(#)]/u"}. Hence, by the same arguments used
to derive (7), the equilibrium management fee (as a percentage of
assets) will equal [c(¢) + g(¢))/n’. Noting that c(t) = g(z), the proof of
proposition II1.6 is complete.

In summary, we have shown that the returns to a portfolio employing
perfect market timing are identical to the returns from following certain
option-investment strategies. From this isomorphic relationship, the
equilibrium management fees (and, hence, the value of such mac-
roforecasting skills) were determined in terms of the market prices for
options. Of course, the assumption that such perfect market-timing
forecasts can be made is totally unrealistic. Hence, beginning in the
next section, I shall examine the more interesting case where the
market timer’s forecast can be wrong. However, the analysis of this
section will be helpful in providing insights into the more realistic but
also more complicated analysis of imperfect macroforecasting.

III. Heterogeneous Beliefs and Imperfect Forecasting

In this section, I shall generalize the model of the previous section by
allowing for the possibility that investors have different information
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sets and that the market timer’s forecast may be wrong. At each point
in time ¢, let ¢;(¢) denote the jth information set,j = 1,2, ..., N.
Without loss of generality, we can associate a particular investor with
each information set so that investorj forms his probability assessment
for the return per dollar on the market between ¢ and ¢ + 1 based upon
¢;(t). Let f{(Z,t) denote the probability density function for the return
per dollar on the market based upon ¢;(¢). It is assumed that forj = 1,
2, ..., N, f;satisfies Rational Expectations relative to information set
¢; in the sense that the (ex post) path of market returns is consistent
with the (ex ante) density f;. Let g;() denote the probability, based
upon ¢;(¢), that the return on the market between ¢t and ¢ + 1 will be
less than or equal to the return per dollar on the riskless asset, R(¢).
Then

R(t)
qit) = , fiZ )dZ. (19)
It is further assumed that, forj = 1,2,...,N, 0 <g;(t) < 1, and so, for

every information set, the return on the market is uncertain and the
market neither dominates nor is dominated by the riskless asset.

As in Section II, there is a market timer who forecasts when stocks
will outperform bonds, Z,(t) > R(¢), and when bonds will perform at
least as well as stocks, Z,(¢) < R(¢). Unlike in Section II, the market
timer’s forecast may be wrong. Let 6(¢) be a random variable such that
0(¢) = 1if the forecast is correct and 6(¢) = 0 if the forecast is incorrect.
Of course, to evaluate the forecast, investors must have some informa-
tion about the distribution of 6(¢). The information made available to
investors will depend upon the information set of the forecaster and his
concern with protecting that information as well as the information
available to investors from other sources.

For example, one might assume that the forecaster provides the
complete joint probability distribution, p[A(¢),6(t)], where A(t) is a
random variable such that A(z) = 1if Z,(¢) > R(¢t) and A(¢) = 0if Z,(¢)
< R(t). However, this assumption implies that the forecaster has an
unconditional or prior distribution for A(¢), given by p[A(¢)] = p[A(¢),0]
+ p[A(¢),1], which he may not have. If he does have such a prior, and
priors are homogeneous (as in the previous section), then p [A(¢),6(¢)]
provides redundant information in the sense that the same information
is conveyed by the conditional probabilities {p [0(¢) |A(t)]}. To see
this, note that p[A(¢),6(¢)] = p[8(t) | A(¥)] p[A()] and, by the homo-
geneity assumption, all investors know that p[A(¢)] = g(¢) for A(z) = 0
and p[A@)] = 1 — q(@) for A(r) = 1. If, as is assumed in this section,
priors are not homogeneous, then by making public p[A(?),0(?)], the
forecaster reveals his prior distribution p [A(¢)]. Therefore, by provid-
ing the joint distribution, the forecaster gives away valuable informa-
tion for free to those investors who believe that the forecaster’s prior
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contains information not incorporated in their own prior. And to those
investors who believe that the forecaster’s prior does not contain such
information, p [A(?),0(¢)] provides no more information than the condi-
tional probabilities {p [6(¢) |A(t)]}. Hence, even when he has such a
probability assessment, it is not in the forecaster’s economic interest to
reveal p[A(1),0(2)].

Having ruled out that the forecaster will provide the complete joint
probability distribution, we are left to choose between the two condi-
tional probability distributions, {p[A(t)|6(:)]} and {p[6(t)|A(D)]}.
Given that investors have priors about A(¢) through the {f;}, a natural
choice would be the latter, {p[6(¢) IA(t)]}. Of course, if investors were
assumed to have a prior distribution for 6(¢) instead, then the natural
choice would be the former. To provide {p[A(®) | 6¢)]} and {p[6(®)]}
would, of course, be equivalent to providing p[A(?), 6(+)] and, as will
be amply demonstrated, to provide {p[6(¢)]} alone is not sufficient
information for investors to evaluate the forecast.

Therefore, it is assumed that investors are given the probability
function for 6(¢) conditional on the market return Z,(t) = Z, which I
write as

prob {6() = 1 | Zy(t) = Z} = p\t) for 0<Z <R(@)
=pyt) for RE)<Z < . (20)

By not having p(¢) or p,(¢) in (20) depend uponj, I am assuming that
all investors, independent of their information sets, agree on these con-
mination. In this section, I derive the equilibrium value of such fore-
do take into account the possibility that the accuracy of the forecast
may not be independent of the return on the market. Thus, statements
such as, ‘“‘He is a better forecaster in up-markets than he is in down-
markets,”’ can be given precise and quantitative meaning in this model.
Such a forecaster would be characterized as making forecasts such that
p (1) < pu(t). However, in keeping with the hypothesized structure of
the information available to the forecaster, p,(¢) and p,(¢) are them-
selves assumed to be independent of Z. Therefore, while the probabil-
ity of a correct forecast may depend upon whether or not the return on
the market exceeds the return on bonds, it does not otherwise depend
upon the magnitude of the market’s return.

If, as in the previous analysis, y(z) = 1 if the forecast at time 7 is Z,/(¢)
> R(t) and y(¢) = 0 if the forecast is that Z,(t) < R(¢), then from (20),
the probabilities for y(z) conditional upon the realized return on the
market can be written as

prob {y(t) = 0| Z,(t) < R(t)} = p,(1) (21a)
prob {y(t) = 1|Z,(t) <R@®)} = 1 — p,(?)
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and
prob {y(1) = 0|Z,(t) > R(®)} = 1 — py(r)
prob {y(t) = 1|Z,(t) > R(t)} = pu(1). (21b)

Therefore, based upon information set ¢;, we have from (19) and (20)
that, from the viewpoint of investorj, the unconditional probability of a
correct forecast by the market timer, pi(¢), can be written as

pi(t) = prob {6(r) = 1] ¢,(t)}
= q;(Op.(1) + [1 — q;O)p,0). 2)

Note from (22) that, in general, the probability of a correct forecast will
depend on the investor’s information set, and only in the special case
when the accuracy of the forecast is independent of the return on the
market—that is, p,(f) = p,(t) = p(t)—is the probability of a correct
forecast, p(t) = p(t), independent of j.

From (21a) and (21b), the unconditional probabilities for the forecast
variable y(¢) can be written from the viewpoint of investorj as

prob {y(r) = 0| $;(1)} = 8;(2)
=q;(Op () + [1 — q;®OI[1 — pa(1)]

prob {y(1) = 1| $;0)} = 1 — 8,t) (23)
= q;O[1 — p,@)] + [1 — q;@)Ip.(2).

As in Section II, I call f(Z, ¢) the prior distribution of the return on the
market for investor j. Based upon this prior, we define the posterior
distribution for investorj, f¥(Z, t | 7v), to be the probability density for
the return on the market conditional upon the forecast y(¢) = y. Under
the hypothesized information structure, we have from (23) that f¥ can
be written as

[ =p@) , (= @),
f1@, 1|9 = [ Xp =2l + L0}z o),

for 0=<Z <R(®)

_ [ ypa(®) (1 — Y1 — paD)] . 24)

for R(t) <Z < .

The distribution that investorj would use if, in addition to ¢;(¢), he had
the market timer’s forecast is f}. Of course, it will be the differences
between f; and fF which will account for investorj’s willingness to pay
for the forecast information. The distribution used by the market timer
for his personal investment decisions if the information available to
him, other than his forecast, were information set ¢;(z) would also be
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represented by f¥. Note that for perfectly correct forecasts—that is,
p(t) = p(t) = 1—(24) simply reduces to (2) in Section II.

Because the value of the market timer’s forecasts will depend upon
how those forecasts modify investors’ prior distributions, I shall now
analyze in detail the differences between the prior and posterior distri-
butions.

While to this point, no restrictions have been imposed upon the
conditional probabilities p ,(z) and p ,(¢), it seems reasonable to require
that they be such that the forecasts are rational. A forecast is said to be
rational if, given the forecast, no investor would modify his prior in the
opposite direction of the forecast. Specifically, investor j’s priors are
that bonds will outperform stocks with probability ¢;(¢) and that stocks
will outperform bonds with probability 1 — g;(¢). After receiving the
market timer’s forecast y(f) = vy, investor j’s revised probabilities for
the two events will be gf(¢;y) and 1 — g¥(¢;y), respectively, where

R(t)
gt = [ 1121 | vdz.

Therefore, the forecasts will be rational if, for every investorj, g5 (¢; 0)
= q,(t) and g5 (15 1) < q,(0).

ProrposiTioN II1.1.: A necessary and sufficient condition for a mar-
ket timer’s forecasts to be rational is that p,(¢) + pa(t) = 1.

The proof is as follows: From (24), g¥(¢; 0) = q,(¢) if and only if p ,(¢)
8;(t), and g¥(z; 1) < q;(¢) if and only if p ,(t) = §;(¢). So, a necessary and
sufficient condition for the forecasts to be rational is that p ,(¢) = 8;(¢)
for everyj. From (23), p(¢t) = 8;(¢t) if and only if [1 — q;(t)Ip () = [1 —
q;(®)1[1 — p(1)]. But, 0 < g;(z) < 1 for all information sets ¢;(¢),j = 1, 2,
...,N. Hence, p, = 8,(¢t) if and only if p ,(¢) + p.(t) = 1. However, the
condition that p () + p(f) = 1 is independent of j and is therefore a
ncessary and sufficient condition for all j’s.

An immediate corollary to proposition III.1 is that if a forecast is
irrational (i.e., not rational) then, given the forecast, every investor
would modify his prior in the opposite direction of the forecast. One
should not infer that an irrational forecast has no value. A forecaster
who is always wrong is as valuable as one who is always right provided
that this ‘‘bias’’ is known by those acting on the forecast. Indeed, the
opposite or contrary forecast to an irrational forecast is always
rational. To see this, note that the contrary forecast’s conditional
probabilities of success satisfy pi(t) = 1 — p,(t) and py(r) = 1 — p ().
So, if p,(t) + ps(t) < 1, then pi(t) + pi() > 1. Hence, with no loss of
generality, it is assumed throughout the rest of the analysis that fore-
casts are rational and therefore that p (¢) + p.(¢) = 1.

As mentioned earlier, for the market timer’s forecast to be of value
to investorj, it must provide information which would modify his prior
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distribution for the return on the market. Therefore, if f} = f;, then the
market timer’s forecast will have no value to investor j.

ProrosiTionN I11.2: If the conditional probabilities for a correct fore-
cast given in (20) are such thatp ,(¢) + p»(¢) = 1, then the market timer’s
forecast will have no value to any investor and hence the value of the
forecast information is zero.

The proof of proposition III.2 is as follows: If p ,(¢) + p(t) = 1, then by
substitution in (23), we have that §;(t) = p(f) = 1 — p,(¢) and that 1 —
8,(t) = 1 — p(t) = pt). Moreover, this value of 8;(¢) is the same for
every investorj (j = 1, ..., N). Substituting for §,(¢) in (24), we have
that f¥(Z, t |y) = f{Z, t) for every value of y and for all j. Thus,
independent of the forecast given, each investor’s posterior distribu-
tion will be equal to his prior distribution. Therefore, forp (z) + p.(¢) =
1, the market timer’s forecast will have no value to any investor and the
value of the forecast information is zero.

ProrosITION II1.3: A necessary condition for a rational forecast to
have a positive value is that the conditional probabilities given in (20)
satisfy p,(t) + po(t) > 1.

The proof follows immediately from proposition III.1 and proposition
I11.2. While it has only been shown that p,(z) + p»(t) > 1 is a necessary
condition for a rational forecast to have positive value, it is also a
sufficient condition, as will be shown later in Section IV. Indeed, the
larger is p (t) + ps(t), the more valuable is the forecast information.

Proposition III.2 can also be used to confirm the common-sense
result that if the market timer’s forecasts are random, then the value of
such forecasts is zero.

ProrosiTioN III.4: If the forecast variable is distributed independent
of the return on the market, then the value of the forecast is zero.

By hypothesis, y(¢) is distributed independent of Z(¢). Therefore, p ()
= prob {y(t) = 0 | Z,/(t) <R(t)} = prob {y(t) = 0|Z,,(t) >R(1)} = 1
— p2(t). Hence, p,(t) + p,(t) = 1, and, by proposition I11.2, the forecast
has zero value.

So, if forecasts are formed by simply flipping a (not necessarily fair)
coin where 7 is the probability that the forecast will be y(¢r) = 0and 1 —
7 is the probability that the forecast will be y(¢) = 1, then p (t) = n and
pot) = 1 — m, and therefore such forecasts will have zero value.
Included as a special case of this type of forecast is to always forecast
that Z,(#) < R(t)—that is, y(¢) = 0,p (t) = 7 = 1, and p4(¢) = 0—or to
always forecast that Z,(t) > R(t)—that is, y(t) = 1, p,(t) = n = 0, and
po(t) = 1. Like a stopped clock, such a forecast will sometimes be
correct, but it never has any value.
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Having established that completely random forecasts have zero
value, I shall now go to the other extreme and show that completely
predictable forecasts also have zero value.

ProrposiTion II1.5: If the forecast variable is itself perfectly fore-
castable by investor j, then the value of the forecast to investor j is
zero.

Suppose investor j uses his information set ¢; to predict the market
timer’s forecast, y(f). Let y;(t) denote this forecast. By hypothesis,
investor j’s prediction is always correct—that is, y;(t) = y(f)—and
therefore, p,(¢) = prob {y(t) =0 ] Z,(t)<R@)}=1—1y;(t)andp,(t) =
prob {y(¢) =1 ] Z,(t)>R(t)} =v;(). Hence, p,(t) + p,(¢t) = 1 and, by
proposition III.2, the value of the forecast is zero.

Like proposition III.4, proposition III.5 is a commonsense result. If
investor j can always predict the market timer’s forecast, then all the
information used by the market timer must be contained in ¢;. Since all
the information in ¢; relevant to the return on the market is captured by
fi, investor j should neither revise his prior in response to the market
timer’s forecast nor pay for the forecast.

In (20), I assumed that p (¢) and p »(t) were the same for all investors.
Hence, the hypothesized conditions of proposition III.5 will not be
consistent with (20) unless all investors can perfectly forecast y(z).
These conditions would be consistent with a more general model where
the conditional probabilities p () and p,(¢) are different for different
investors. Since the effect of such a generalization on all the results
obtained is discussed at the end of this section, I shall say no more here
except to point out one important case where the conditions of propo-
sition III.5 and (20) are consistent. As in Section II, let ¢(¢) denote the
set of information available to all investors (i.e., the ‘‘public informa-
tion set’’).

ProposiTION II1.6: If the market timer’s forecasts are based solely
upon public information, then the value of the forecast is zero.

By its definition,

¢@) = () ¢,

and therefore, ¢(t)ed;. By hypothesis, the market timer’s forecasts are
based solely on information contained in ¢(¢). Hence, each investor j
can use ¢(t), which is contained in ¢;, to predict correctly the market
timer’s forecast y(¢). Therefore, by proposition III.5, the value of the
forecast to each investor is zero.

The conclusions of propositions I11.4, II1.5, and IIL.6 that investors
will not pay for random forecasts or for forecasts based upon informa-
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tion they already have are hardly counterintuitive. Indeed, because any
sensible model should produce these results, proof of these propo-
sitions serves as a check on the validity of the model presented here.
However, the model does produce other results which may not be so
intuitive. For example, the following three propositions point out the
‘“pitfalls’’ in relying on the probability of a correct forecast as even a
qualitative measure of the value of a forecast.

ProrposITION II1.7: The unconditional probability of a correct fore-
cast, pi(#), being greater than .5 is neither a necessary nor a sufficient
condition for the forecast to have a positive value.

To prove that it is not necessary, it is merely necessary to show that it
is possible for p (¢) + p,(¢) > 1 and for pi(¢) < 0.5. Suppose that ¢;(¢t) =
0.7, p,(t) = 0.4, and p,(¢) = 0.7; p,(¢t) + p,(t) = 1.1 > 1 and, from (22),
pi(t) = 0.49 < 0.5. To prove that it is not sufficient, it can be shown that
it is possible for p,(¢) + p(t) = 1 and for pi(t) > 0.5. Suppose that g,(¢)
= 0.7 and a ‘‘stopped clock’’ forecast where p,(¢f) = 1 and p,(t) = 0.
Then, p,(t) + p,(¢) = 1 and, from (22), p(t) = q;(t) = 0.7 > 0.5.
Let pi(¢) denote the unconditional probability of a correct forecast by
market timer I from the viewpoint of investor j and let pji(z) be the
corresponding probability of a correct forecast by market timer II.

ProprosITION II1.8: pi(¢) > p/(¢) is neither a necessary nor a sufficient
condition for the forecast by market timer I to be more valuable than
the forecast by market timer II.

To prove that it is not necessary, I show that it is possible for pi(z)
< pi(®); pi@) + pi(t) > 1; and pii(r) + pi(t) = 1. As in the proof of
proposition II1.7, suppose that q;(t) = .7; pi(t) = 0.4; pi() = 0.7; pIi(z)
= 1; p3i(t) = 0. Then, pi(z) = 0.49 < pl(#) = 0.7, but pi(r) + pit) = 1.1
> pl(t) + p¥(t) = 1. To prove that it is not sufficient, one need only
interchange I with II in the proof that it is not necessary.

Suppose that investorj makes his own forecast based upon his prior
probability assessment for the return on the market f;. If y;(¢) denotes
investor j’s forecast variable, then his forecast will be y;(z) = 0 when
qit) = 1 — g;(t) and y;(t) = 1 when gi(t) < 1 — g;(t). From the
viewpoint of that investor, the unconditional probability of his own
forecast being correct is equal to max [gi(?), 1 — q;(®)].

ProrositioN II1.9: pi(¢) < max [q;(t), 1 — g;(¢)] is a necessary but
not a sufficient condition for the market timer’s forecast to have zero
value.

Necessity can be proven by showing that p(f) > max [g;(?), 1 — q;(¢)]
implies that p (¢) + p() > 1. From (22), p (t)q;(t) + po(t) [1 — g;(1)] >
max [g;(#), 1 — q(#)]. Therefore, [p(t) + p(¢)] max [g;(2), 1 — q;(t)] >
max [q;(t), 1 — q;(t)]. Hence, p ((t) + p»(t) > 1. To prove that it is not a
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sufficient condition, we simply show that it is possible for pi(f) < max
[gi(?), 1 — g;(#)] and for p (¢) + p,(¢) > 1. As in the previous proofs,
suppose that g,(r) = 0.7, p(¢) = 0.4, and p ,(¢) = 0.7. Then, p’(¢) = 0.49
< max [gi(t), 1 — gi(t)] = 0.7 and p,(t) + po(t) = 1.1 > 1.

Thus, even if the probability of a correct forecast by the market timer
is less than the probability of a correct forecast by investorj using only
his prior, one cannot conclude that the value of the market timer’s
forecast to investor j is zero.

As propositions III.7, I11.8, and III.9 amply demonstrate, the fre-
quency with which the market timer’s forecasts are correct is in general
a very poor statistic for evaluating the forecasts, and this is the case
even when investors’ beliefs are homogeneous. Using propositions
II1.2 and III.3, one might summarize by saying, ‘It is not so much how
often the market timer is correct, but when he is correct that deter-
mines the value of his forecasts.”” However, there is one special case
when the probability of a correct forecast is a sufficient statistic for
value.

ProposiTiON II1.10: If the probability of a correct forecast is inde-
pendent of the return on the market, then p’(¢) = 0.5 is a necessary and
sufficient condition for the forecast to have zero value.

By hypothesis, we have from (20) that p ,(f) = p ,(t) = p(¢). Substituting
into (22), we have that p(¢) = p(¢), independent of j. Therefore, pi(t) =
0.5 implies that p,(¢) + p,(¢) = 2p(¢) = 1. Hence, by proposition III.2,
the forecast has zero value. Under the hypothesized condition, pi(r) <
0.5 implies that 2p (t) = p,(¢) + p,(t) < 1 and therefore that the forecast
is irrational by proposition III.1. However, as discussed earlier, such a
forecast has positive value because the contrary forecast which is
rational will satisfy p{(r) + pi() > 1. Under the hypothesized condi-
tion, pi(t) > 0.5 implies that 2p(¢) = p(t) + p,(¢) > 1 and therefore that
the forecast has positive value.

Although the probability of a correct forecast is not a reliable indi-
cator of the value of a forecast, it can be used to determine the
conditions under which investorj will ‘‘agree’’ with the market timer’s
forecast. Investor; is said ‘‘to agree with the market timer’s forecast”’
if, having received the market timer’s forecast, investor j’s own forecast
based upon his posterior probability assessment is the same as the
market timer’s forecast.

From (24), conditional on y(¢) = y, we have that

s ) = [ XML =P . A = y)p.) } (t 25

ai;y) = [ X + S0 g0, @)

If y}(r) denotes investor j’s forecast variable based upon his posterior,
then, conditional on y(f) = v, his forecast will be such that y#(¢) = 0
when g¥(t; y) > 0.5 and y#(¢) = 1 when g}(¢; y) <0.5. Thus, investorj
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will agree with the market timer’s forecast if y*(f) = y where any
indeterminacy is resolved by defining y¥*(f) = vy in the singular case
q¥(t;y) = 0.5. Therefore, for investor to always agree with the market
timer’s forecast, g*(¢; y) must satisfy g¥(z; 0) = 0.5 and g¥(z; 1) < 0.5.

ProrosiTION III.11: A necessary and sufficient condition for inves-
torj to agree with the market timer’s forecast, v, is that p’(t) = ygi(¢) +

1 =y = gq,0)].

Investor;j will agree with the forecast y = 0 if and only if g¥(¢; 0) = 0.5.
From (23) and (25), g} (z; 0) = 0.5 if and only if p ,q;(z) = [1 — q;()][1 —
p(1)] or, equivalently from (22), if and only if p’(f) = [1 — g,(¢)]. This
proves the proposition for y = 0. Investorj will agree with the forecast
v = lif and only if g#(¢; 1) < 0.5. Again, from (23) and (25), g¥(¢; 1) <
0.5 if and only if g;(2)[1 — p(#)] < [1 — q;(1)]p «(?) or, equivalently from
(22), if and only if p’(¢) = g;(¢). This proves the proposition for y = 1.

It follows immediately from proposition III.11 that investor j will
always agree with the market timer’s forecast if and only if pi(f) = max
[gi(?), 1 — q;()]. It also follows that investorj will always disagree with
the market timer’s forecast only if pi(#) < min [g;(z), 1 — q;(¢)]. How-
ever, this possibility is not consistent with the market timer’s forecast
being rational.

ProrosiTion II1.12: If investor j always disagrees with the market
timer’s forecast, then the market timer’s is irrational and investor j
would always agree with the contrary forecast.

From (22), p’(t) < min [g;(¢), 1 — g;(1)] if and only if p ,(¢) + p.(t) < 1.
Hence, from proposition III.1, the market timer’s forecast is irrational.
The unconditional probability of the contrary forecast being correct is 1
— p(t). But p’(¢) < min [g;(¢), 1 — q;(¢)] implies that 1 — pi(¢) > max
[gi(?), 1 — q;(#)]. Therefore, by proposition III.11, investor j would
always agree with the contrary forecast.

In summary, the behavior of investorj toward rational forecasts is to
always agree with the market timer’s forecast if the unconditional
probability of a correct forecast by the market timer is at least as large
as the probability of a correct forecast by investor j using his prior
distribution. If this condition is not satisfied, then the posterior forecast
of investorj, yf(z), will always agree with his own prior forecast, y;().

Because the agreement of investor j’s posterior forecast with the
market timer’s forecast depends only upon the conditional probability
of a correct forecast, it is clear from propositions II1.7, II1.8, and II1.9
that disagreement does not imply that investor j should disregard the
market timer’s forecast. And such disagreement certainly does not
imply that the market timer’s forecast is irrational. Indeed, if one were
to define a ‘‘rational forecast’’ as one where every investor’s posterior
forecast agrees with the market timer’s forecast, then virtually the only
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forecast to satisfy this definition would be one that is always correct,
that is, p(f) = ps(t) = 1. To see this, note that such a ‘‘rational”’
forecast must satisfy both p ,(t)/[1 — p(¢)] = max {[1 — gq;(t)V/q;(t)} and
p)[1 —p.()] = max {gq;(1)/[1 — q(8)]}. Hence, with this definition for
a rational forecast, virtually all forecasts (including valuable ones)
would be ‘‘irrational.”’

To further underscore the difference between ‘‘agreement’’ and
“‘rationality’’ (as I define it), consider a forecast with p ,(z) + pJ(t) > 1
and with an unconditional probability of being correct, p’(¢), which is
less than 0.5 for every investor j. From proposition III.7, it is possible
for a forecast to have both these properties. Because p#(¢) < 0.5 < max
[g:(?), 1 — q;(1)] for every investorj, no investor will always agree with
the market timer’s forecast. Yet, from proposition III.1, this forecast is
rational, and indeed, because p ,(f) + p () > 1, it has a positive value.
Propositions II1.7, II1.8, and III.9 made apparent the pitfalls in using
the unconditional probability of a correct forecast as an indicator of the
forecast’s value. This example shows that it is not a reliable indicator
of when a forecast is rational. The contrary forecast to the market
timer’s forecast has an unconditional probability of being correct equal
to 1 — pi(¢), and in this example all investors would agree that 1 — pi(¢)
> 0.5. However, this contrary forecast is irrational because p () +
po(t) > 1 implies that pi(t) + pst) =1 —p,(t) + 1 — p,y(¢) < 1.

To conclude this section, I shall briefly discuss the effect on the
derived results of introducing a more general model where the condi-
tional probabilities given in (20) are different for different investors. As
the reader can verify by substituting p{(¢) for p,(¢) and pj(¢) for p,(¢) in
the derivations, there are two basic changes. (1) It is now possible for
some investors to view a forecast as having zero value, pi(¢) + pi() =
1, while other investors see it as having positive value, pi(z) + pi(?) >
1. (2) My definition of a *‘rational forecast’’ loses much of its meaning
because it is now possible for some investors to view a forecast as
rational, pi(¢) + pi(t) = 1, while others view it as irrational, p’(¢) +
p#(t) < 1. Otherwise the propositions as derived remain intact.

Having established the conditions under which a forecast will have a
positive value, I shall now proceed to determine the magnitude of that
positive value.

IV. Equilibrium Management Fees and the Value of Market Timing

In the last section, the conditions were established under which a
market timer’s forecast would or would not have a positive value. It
was shown there that the conditional probabilities of a correct forecast,
p(t) and p 4(¢), were sufficient statistics to make that qualitative deter-
mination. In this section, I derive the equilibrium value of such fore-
casts and show that p (¢) and p ,(¢) are also sufficient statistics to make
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this quantitative determination. Along the lines of the analysis in Sec-
tion II, I derive the equilibrium value by showing a correspondence
between the returns from a portfolio managed by the market timer and
the returns from certain option investment strategies.

As in Section II, the market timer manages an investment company
or mutual fund which invests in the market and riskless bonds accord-
ing to the following strategy: At date ¢, if his forecast is that bonds will
outperform stocks—that is, y(t) = 0—then he will allocate 100 %(¢)%
of the fund’s assets to the market and 100 [1 — 71,(¢)]% of the fund’s
assets to bonds. If his forecast is that stocks will out perform
bonds—that is, y(z) = 1—then he will allocate 100 7,(¢)% to the market
and 100 [1 — m4(¢)]% to bonds. It is assumed that the distribution of his
forecasts satisfies (20) and that these conditional probabilities along
with 1,(z) and 7,(¢) are made known to outside investors. It is further
assumed that the market timer’s forecasts are rational, that is, p ,(¢) +
p«(t) = 1, and that he acts rationally on his forecasts, that is, m,(t) >
7.(2). As in the previous section, investors have different information
sets and hence can have heterogeneous probability beliefs about the
return on the market.

As before, 6(¢) is a random variable such that (¢) = 1 if the forecast
is correct and 6(¢) = 0 if the forecast is wrong. Along the lines of (5) of
Section II, the return per dollar on the assets of the fund, X(¢), can be
written as

X(@) = [ny() — 6() = 0ADIZy(r) — R(H)] + R(1)
for 0 <Z,@&) <R(@
= [m(@) + 00) ADIZu(2) — R(®)] + R(1) (26)
for R(@) < Zy(t) < oo,

where A(t) = n4(t) — n,(¢) > 0 and the conditional distribution for 6(z)
is given by (20). From (26), the return per dollar to an investor in the
fund, Z,(¢), can be written as

Zy(1) = X@)/[1 + m(1)], (27

where m(t) is the management fee expressed as a fraction of assets held
by the fund.

As in Section II, I assume for convenience that one share of the
market portfolio has a current price of $1 and, as before, let g (¢) denote
the price of a one-(forecast) period put option on one share of the
market porfolio with an exercise price of R(¢).

I begin my analysis by constructing a specific options-investment
portfolio whose returns will be compared with those of the market
timer’s fund. The specific portfolio strategy is as follows: For each
dollar invested in the portfolio, allocate the fractions w,(f) = [n,(¢) +
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A A@VI1 + m(2)] to the market, wy(2) =g ()[p(t) + po(t) — 11A@)/[1
+ m(¢)] to put options on the market, and ws(t) = 1 — w,(f) — wy(?) to
riskless bonds. The return per dollar on this portfolio, Z,(¢), can be
written as

Z(1) = o(DZy(1) + wy(){max [0,R() — Z)[()]}/g(t) + wx()R(t). (28)
Substituting for the portfolio weights, (28) can be rewritten as
Z,(t) = |{m.@) + [1 — p,(DIA@D}Z(t) — R(2)]
+[1 + m() - )\(t)A(t)]R(t)]/[l + m(0)]
for 0<Z,(t) <R(@) (29)
= {[n(@®) + p(NAMDIZy() — R(@)]
+ [1 + m@) — MO)A@DIRD}1 + m(1)]
for R(t) < Z)(t) < o,

where \(7) = g(@)p.(t) + po(t) — 1.
If U(t) = Z,(t) — Z(¢), then from (26), (27), and (29), we have that

U@) = {lp.@) — 6]AMIZ)(r) — R(@)]
+ [M2)A(?) — m(D)IR@)}1 + m(2)]
for 0<2Z,(t) <R@) (30)
= {[6(r) — pADIAMDZ)(?) — R(?)]
+ MO A@) — m@IR@}Y1 + m(D)]
for R(t) < Z,[(t) < o».

Define the expectation operator, E;, such that for any random vari-
able Y(¢), E;[Y(z)] means ‘‘the expected value of the random variable
Y(¢) based upon the information set ¢;(¢).”> Conditional upon Z,(t) =
Z, we have from (20) that investor j’s conditional expectation of 6(¢)
can be written as

Ef0()|Zy(t) = Z1 = p,(t) for 0<2Z <R(®)
=pJt) for R(t) <Z < oo, @31

Because p () and p 5(¢) do not depend uponj, we have from (31) that all
investors agree on the conditional expectation of 6(z).

It follows from (30) and (31) that for investor j, the conditional
expectation of U(¢) will satisfy

E[U®M | Z\(t) = Z] = IMO)A®) — m@0IRE)/[1 + m()]
= of1) (32)

for all Z. Because A(?), A(?), m(t), and R(¢) do not depend upon j, it
follows that all investors agree on the conditional expectation of U(z).
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From (32), the unconditional expectation of U(¢) from the viewpoint of
investor j can be written as

E[U®)] = fo " ELUW) | Zut) = Zu(t) = ZVHZ 1)dZ

© (33)
= f | aOfZ.0dZ.

Because A(7), A(?), R(¢), and m(t) do not depend on Z, o(t) does not
depend upon Z, and we have from (33) that

EjlU)] = EJJU®t) | Z)(t) = Z]

= a(t) 34)

independent of the information set ¢;. Therefore, all investors agree
that the expected value of U(¢), conditional on the return on the
market, is equal to its unconditional expected value and that this
common value is a(?).

Because all investors agree on a(¢), we can unambiguously define the
random variable e(r) = U(¢) — o(¢). From (30) and (34), e(¢) can be
expressed as

€(r) = [p1(2) — O(DIAMDIZ)(t) — ROVI1 + m(2)]
for 0<2Z,(t) <R(@®

= [0() — p(DIAWZs(t) — ROV + m(2)]
for R(t) < Z,(t) < .

(Note that for Z,[t] = R[], €[t] = 0. Otherwise, e[t] < 0if 6[t] = 0 and
€[] > 0if 6[¢] = 1. Further important properties of €[¢] are summarized
in the following proposition.)

(35)

ProrposiTiON IV.I: If €(?) is a random variable given by (35), then for
eachinvestorj,j =1,...,N, (A)E;e(t)] = 0; B) Ej[e(?) ! Z,=Z1=0
for all Z; (C) E[e(?) | ZJ(t) =Z] = 0forall Z; (D) ) is uncorrelated
with both Z,(f) and Z(¢).

From (34), E;[U(#)] = a(t),j =1, ..., N. €it) = U(t) — oft), and
therefore, Ej[e(r)] = 0, j = 1, . . . , N. From (34), E;JU®)] =
EjlU(0) | Zy(t) = ZlforallZandj = 1, ..., N. Therefore, E,[e(t) | Z,(?)
=Z] = Ej[UQ®) | Z\(t) = Z] — EjJU@#)] = 0 forj = 1, ..., N which
proves (B). From (29), Z(¢) is a function of the random variable Z,,(¢)
only. Hence, Ejle(?) |ZM(t) = Z] = Ejle(?)] for all Z implies that
Ejle(t) | Zg(t) = Z] = E,[e(t)] for all Z. Hence, A and B implies C,
and D follows immediately from B and C.
In summary, we have that

Z,(t) = Z(t) + o) + €(2) 36)
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where all investors agree on the value of «(#) and on the properties of
€(t) given in proposition IV.1. In the terminology of Rothschild and
Stiglitz (1970), e(¢) is ‘‘noise’’ relative to the portfolio return Z(z).
Hence, the stochastic component of the return on the market timer’s
fund is equal to the stochastic component of Z (¢) plus noise where, by
inspection of (35), the source of this noise is the error in the market
timer’s forecast. Indeed if, as in Section II, the market timer were a
perfect forecaster, then p,(t) = p.(t) = 60(t) = 1, and () = 0.

In the case when the market timer is a perfect forecaster, the equilib-
rium management fee can be determined immediately from (36) with no
further assumptions. Because €(f) = 0, a(f) must equal zero. Other-
wise, the market timer’s fund will either dominate or be dominated by
the portfolio with return Z(¢), which would violate a necessary condi-
tion for equilibrium. Therefore, from (32), the equilibrium management
fee must satisfy m(z) = A(¢#) A(#). Depending upon the leverage position
A(¢) adopted by the fund, this formula corresponds exactly to the ones
given by (7), proposition II.5, and proposition II.6 in Section II.

Unfortunately, for imperfect forecasting—that is, () # 0—(36)
alone is not sufficient to determine the equilibrium fee. However, we
can derive the equilibrium fee for the case where all the risk associated
with e(¢) is diversifiable or nonsystematic risk. This case is particularly
relevant because we have assumed throughout the paper that the trades
made by the market timer for the fund do not affect market prices. For
such information trades to have a negligible effect on prices, the value
of securities held by the fund would have to be a very small fraction of
the total value of all securities outstanding. However, it will be shown
that under this condition, virtually all the risk associated with e(¢) will
be diversifiable. Thus, the equilibrium fee derived under the assump-
tion that all the risk of e(¢) is diversifiable will be a close approximation
to the ‘‘true’’ equilibrium management fee.

In the well-known Sharpe-Lintner-Mossin Capital Asset Pricing
Model, the nondiversifiable or systematic risk of a security is measured
by its ‘‘beta.”” Suppose that there are n risky securities in addition to
the riskless security and let X;(z) denote the return per dollar on

security i/ betweent andt + 1, fori = 1, 2, . .., n. Then, the beta of
security i relative to information set ¢; is given by
Bi(r) = cov; [Xi(1),Z,[(1))/cov,; [Z)(t),Z,(1)], 37

where cov; [ , ] is the covariance operator based upon information set
&;(0).

ProposITION IV.2: If, in equilibrium, securities are priced so as to
satisfy the Security Market Line, E;[X;(t)] — R(t) = BI(IE;[Zy(t)] —
R(?)], for all securitiesi,i = 1, . . . , n and all information sets ¢;,j = 1,
. . ., N, then the equilibrium management fee is given by m(t) =
ADA@) = [p,(@) + pa(t) — 1lg()AQ@).
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From (36), cov; [Z,(t), Z,(t)] = cov; [Z(t), Z,,(t)] + cov; [e(t), Z,,(t)].
From proposition IV.1, all investors agree that cov;[e(?), Z,(t)] = 0,j =
1,...,N.Hence, Bi(t) = Bi(t),j =1, ..., N. Therefore, E;,[Z,(¢)] =
E,[Z(1)],j =1, ...,N. But, from (36), this implies that in equilibrium
a(t) = 0. Hence, from (32), the equilibrium management fee must
satisfy m(t) = N()A@).

As is well known, rather specific assumptions about either investors’
preferences or the probability distributions of returns are required for
the hypothesized conditions of proposition IV.2 to obtain, and for the
same reasons, beta is a rather specialized measure of systematic risk.
However, using a more general measure of systematic risk developed
in Merton (in press), the conclusion of proposition IV.2 can be shown
to obtain under much weaker hypothesized conditions.

Let y;(¢) denote the set of efficient portfolios relative to information
set ¢;(¢) where a portfolio with return per dollar Z%(¢) will be a member
of yi;(¢) if there exists an increasing, strictly concave function V whose
first derivative satisfies E;{V'[Z%()][X«(t) — R@®)]} =0fori=1,...,n.
Thus, ;(¢) is the set of all feasible portfolios which might be chosen as
an optimal portfolio by a risk-averse, expected-utility-maximizing in-
vestor who bases his decisions upon information set ¢;(¢). For any
security or portfolio k with return Z,(¢) and any portfolio contained in
P;(2) with return Zi(t), we define the systematic risk of security k
relative to this efficient portfolio, bi(¢), by

bi.(t) = cov; {Y,[Z(1)], Z,(D)}, (38)
where
Y;[Zit)] = {V'[Zi?t)] — E;V'[Eit)]}/cov; {V'[Zi(1)], Zi(t)}.

As is proved in Merton (in press, theorem III.1), a necessary condi-
tion for equilibrium is that

E,[Z, ()] — R(¥) = bj(t){E,[Z)(1)] — R(1)} (39

forj =1, ..., N. Hence, bj(¢) and equation (39) play the same role in
the general expected utility model that beta and the Security Market
Line play in the Capital Asset Pricing model.

ProprosiTION IV.3: If for each information set ¢;(¢),j =1,..., N,
there exists some portfolio contained in y;(f) whose return Zi(r)
satisfies the condition E;[(¢) .Z{?(t) = Z] = 0 for all values Z, then the
equilibrium management fee is given by m(¢) = A(¢) A(?).

From (36), cov; {Y;[Zi()], Z,(t)} = cov; {Y;[Zi(1)], Z(t)} + cov;
{Y;[ZiD)], e@®)}. Cov; {Y;[Zi1)], e(t)} = E{Y,;[Zit)]le®)} = E{Y;
(Z)E|e(t)| Zi(t) = Z1}. But, by hypothesis, Eile®) | Zi(t) = Z] = 0.
Hence, cov; {Y;[Zi1)], e(t)} = 0 and, from (38), bi(¢) = bi(t). There-
fore, from (39), a necessary condition for equilibrium is that E;[Z,(¢)] =
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E;[Z(t)]Iforj = 1,...,N. Thus, a necessary condition for equilibrium
is that a(¢) = 0, from which it follows that m(z) = A () A(?).

Because the optimal portfolio of investor j is contained in ;(z), it
follows from proposition IV.3 that the equilibrium management fee will
be given by m(t) = N(#) A(?) if E;[e(¢) |Z"*(t) = Z] = 0 for all values of Z
andj = 1, ..., N where Z7™(¢) is the return per dollar on investor j’s
optimal portfolio. Similarly, if [X'(¢), . . . , X%(¢)] denotes the returns
per dollar on a set of portfolios which span

N
].=U1 P;(®)

and if Ejle(t) | X'(t) = X', ..., X*(t) = X*] =0forj=1,...,N, thenin
equilibrium, m(t) = A(Z)A@).

ProrosiTioN IV.4: If all investors agree that the market portfolio is
an efficient portfolio, then, in equilibrium, m(z) = A(¢) A(?).

By hypothesis, the market portfolio is contained in ;(¢) forj =1, . . .,
N. From proposition IV.1, E;[e(z) |ZM(t) =Z]=0forj=1,...,Nand
all values of Z. Hence, the hypothesized conditions of proposition I'V.3
are satisfied, and therefore, in equilibrium, m(z) = A(#) A(?).

In summary, if the () component of the risk of the market timer’s
fund is completely diversifiable, then the management fee will equal
A()A(?). The economic interpretation of this fee is very similar to the
one presented in Section II for the perfect-forecasting case. If the risk
of €(¢) can be ‘‘diversified away,”’ then the returns to the fund will be
essentially the same as the returns from following the options invest-
ment strategy (28) which uses no forecast information. However, in the
absence of a management fee, the market timer’s fund achieves this
pattern of returns without having to ‘‘pay’’ for the options. Therefore,
the value of the market timer’s forecast skills will equal the value of the
options required to follow the options strategy with returns given by
(28). To see that this is indeed the case when m(t) = A(¢) A(¢), note that,
as in (8) of Section II, the management fee per dollar of gross invest-
ment in the fund is equal to m(¢)/[1 + m(¢)]. The value of put options
per dollar of investment in the options investment strategy, w(¢), is
equal to [p(r) + po(t) — Lg(H)A@V1 + m@)] = MA@/ + m(2)].
Therefore, for m(t) = A(t) A(¢), the management fee is just equal to the
value of the put options. For the same leverage level, A(¢), the number
of ‘‘free’’ put options received is smaller for the imperfect forecaster
than for the perfect forecaster because [p(¢) + po(tf) — 1] < 1. In the
limiting case of no forecasting skills, p,(¢) + p.(t) = 1, and the number
of ‘‘free’’ put options is zero as is the equilibrium management fee.

Having established that m(t) = A(t) A(r) when the risk associated
with e(¢) is diversifiable, we now show that this solution will be a good
approximation to the exact equilibrium management fee provided that
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the value of securities held by the fund is a small fraction of the total
value of all securities outstanding.

By inspection of (35), the sources of randomness in €(¢) are the return
on the market and forecast error by the market timer. In the proof of
proposition IV.1, it was already shown that E[e(¢) ]Z w(t) =Z] =0 for
all valuesof Zandj = 1,...,N. Hence, if X;(¢),i =1, ..., n,
represents the returns on all available securities (other than the fund
itself), then there is little loss in generality by assuming that forj = 1,
.. N,E[e(®) | X(t) = X, . . ., X,(t) = X,)] = 0 for all values of X,
.- . » X,,. This assumption leads to the following important proposition:

ProrosITION IV.5: Let d¥(r) denote the dollar demand for the mar-
ket timer’s fund by investor j in his optimal portfolio at time ¢. If
Ejle(t) | X,(t) = X4, . . ., Xu(t) = X,] = Ofor all values X, . . ., X,, then
d¥(¢t) = 0 if and only if m(t) = A#)A@).

The proof is as follows: If m(f) = A(f) A(¢), then a(f) = 0 and from (36),
Z,(t) = Z(t) + e(t). By hypothesis and proposition IV.1, we have that
Ejlet)|Z(t) =Z,X((t) =X, . . . , X,(t) = X,,] = O for all values of Z,
Xi, ..., X,. Hence, from Merton (in press, theorem II.3), we have that
df(t) = 0. If d}(t) = 0, then the return per dollar on investor’s optimal
portfolio, Z™(¢), will be a linear combination of X,(¢), . . . , X,(¢) and
R(¢). Therefore, E,[e(z) ]Zf*(t) = Z] = 0 for all values of Z. But, from
proposition IV.3, this condition implies that m(t) = A(t) A(?).

Thus, from proposition IV.5, if m(r) = A(¢) A(¢), then d¥(¢) = 0 forj =
1, ..., n, and the aggregate demand for the fund’s shares,

N

Dyt) = > di (),
=1
will equal zero. Therefore, for m(t) = A(t) A(¢), all investors will be just
indifferent between having the opportunity to invest in the fund or not.
From Merton (in press, eq. [II1.3]), we have that

od¥(t)/0c(t) >0 at df(t)=0, j=1,...,N. (40)

From (40), for m(¢) > A(#)A(t), d¥(t) < Oforj =1, ..., N, and
therefore m(t) = A(#) A(?) is the maximum possible equilibrium man-
agement fee.

Of course, a profit-maximizing market timer would never choose a
management fee exactly equal to A(f) A(¢) because at this maximum
fee, D,(¢) = 0 and he would receive zero revenues. Suppose, however,
that in equilibrium, the value of securities held by the fund is very
much smaller than aggregate wealth, W(¢). Then, D,(t) << W(¢). This
case is empirically quite relevant because the market value of stocks
and bonds in the United States is in excess of $1 trillion, and therefore,
even for a large (e.g., $1 billion) fund, D,(¢)/W(t) will be quite small.
From (40), if m(¢) < A(t) A(z), then every investor will choose a positive
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investment in the fund, that is, d¥(t) > 0,j = 1, . . . , N. If the number
of investors, N, is large and the distribution of wealth among investors,
[W,(1)], is not perverse, then the fractional allocation of each investor’s
portfolio to the fund will be positive but small, 0 < df(t)/W(t) < 1. In
this case, the limiting management fee associated with incipient de-
mand will provide a close approximation to the equilibrium manage-
ment fee.

Although prosaic, a good reason for using A(¢) A(¢) as an approxima-
tion to the equilibrium management fee is the observed fact that even
the largest of funds represents a small fraction of the total value of
securities outstanding. However, further theoretical support for this
approximation can be found in the case where there are many indepen-
dent market timers offering their services to investors. As with other
investments, it will be optimal for risk-averse investors to ‘‘diversify”’
and spread their holdings among all the market timers’ funds. If the
number of such funds is large, then this optimal behavior wiill lead to a
relatively small aggregate demand for any one fund.

Suppose that there are Q market timers and that each provides
information and behaves in a fashion similar to the market timer de-
scribed throughout this paper. Let the subscript g applied to otherwise
previously defined variables denote that variable for market timer g, g

=1,...,0.

ProposiTION IV.6: If, forg = 1, . . ., Q, the forecast variable for
market timer g, 0,¢), is independent of the forecast variables of all
other market timers, then as the number of market timers becomes
large, the equilibrium management fee for market timer ¢’s fund will
almost certainly satisfy m,(t) = A (1)Ay(1) = [P1g(t) + P2(t) — 1]
g ALD).

The method of proof is similar to the one used by Ross (1976) to derive
his ‘“ Arbitrage Theory” of asset pricing. Consider the following type of
portfolio strategy: Invest $1 in the riskless security; and forg = 1, . . .,
Q, invest $u,/Q in the fund of market timer g and go short $u,/Q of the
portfolio with return per dollar Z(r) given by (28). We restrict our
attention to only those strategies u = (uy, . . . , o) Which have the
property that, for eachq, whereq = 1, ...,Q, | po| >0and | u,| has
an upper bound independent of Q. This restriction corresponds to the
set of “‘well-diversified’’ portfolios in the Ross analysis. Let z(¢; w, Q)
denote the return per dollar on the portfolio with strategy w. From (36),

Q Q
Z(t; u, Q) = R(2) + {Z paa D0 + uqeq(t)]/Q

By hypothesis, the [0,(f)] are mutually independent. Therefore, it
follows from (35) thatforj = 1,...,Nandg = 1, ..., Q.Ejlet) | &x(?)
=€, ..., € 1(t) = €4 1, €q11() = €q41s - - - 5 €q(t) = €o] = 0 for all values
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€, - - -5 €41, €441, - - - » €g- Therefore, for each ¢, every investor agrees
that [S(#)] form a martingale where

Q
Sot) = D peedd).

Because the variance of €,¢) exists and |,uq| has an upper bound
independent of Q, the variance of w.e(t) has a finite upper bound
independent of Q. Therefore, by the Law of Large Numbers for Mar-
tingales, every investor agrees that as Q — o, S,(#)/Q — 0 with
probability one. Hence, as Q — o,

Q
Z(t; p, Q) = R(D) + {Z uqaq(t)}g

with probability one. A necessary condition for equilibrium is that no
security dominate any other security. Therefore, as Q — o, [3¢
Le0o(1))/Q — 0 in equilibrium. But the choice for w is virtually arbi-
trary. Hence, satisfaction of this condition will require that as Q — o,
for all (but possibly a finite number of) market timers, a,(¢t) — 0. From
(32), it follows that almost certainly, m(t) — A (t)A,(t) as Q — o.

For proposition IV.6 not to be vacuous, it is essential that a
significant number of market timers have some forecasting skills.
Otherwise, if only a few have such skills, then p,(f) + pa(?) = 1 for
virtually all market timers, and trivially, as Q — o, m,(t) = 0 =
A ()A¢) for all but possibly a finite number of market timers. If the
Efficient Markets Hypothesis held exactly, then m(t) = 0 = \(¢) A(?)
for all g, and it would be optimal for investors not to invest in any of the
funds. On the other hand, if there is even a very small chance that any
given market timer ¢ has some forecasting skill, then [p ,(f) + p (1) —
1] will be positive, albeit small, and it will be optimal for every investor
to put a small fraction of his wealth in each fund.

The fact that Q is ‘‘large’’ in the sense of proposition IV.6 does not
mean that all members of the population or even all investors must
engage in market-forecasting activities. That is, Q >> 1 is consistent
with Q/N << 1. For example, Q = 10,000 is quite a large number for the
purpose of applying the asymptotic conclusions of proposition IV.6 as
a good approximation. For the U.S. population 220 million, this would
require that only one person in 22,000 be engaged in market forecast-
ing. There are approximately 17 million investors who hold individual
stocks in the United States. Hence, for Q to equal 10,000, only one in
1,700 of these active investors need be a market timer. Therefore,
market forecasting can be a relatively rare occupation, and yet, the
hypothesized conditions of proposition IV.6 could be essentially
satisfied.

Independence of the forecast errors among market timers is essential
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for proposition IV.6 to obtain. Indeed, if all funds were managed using
the same information set, then [e,(¢)] would be perfectly dependent,
and as will be shown later in proposition IV.7, the number of funds
available will have no effect upon the equilibrium management fees.
However, even if there are ‘‘families’’ of market timers where fore-
casts among members of each family are not independent, proposition
IV.6 will still obtain provided there are a large number of independent
families.

Proposition IV.6 provides essentially a ‘‘demand’’ reason why the
equilibrium size of the market timer’s fund would be relatively small.
The cost function of the market timer provides a ‘‘supply’’ reason. If
beyond some size marginal costs increase, there will be an optimal size
for the fund. If this optimal size is small relative to the value of all
securities outstanding, then the equilibrium management fee can be
approximated by A(¢) A(z). The manifest costs of operating the fund,
such as salaries, information gathering and processing, bookkeeping,
etc., are not likely to produce increasing marginal costs. However,
there are other, latent costs associated with size that could cause the
marginal cost function to be increasing. As more employees are re-
quired to handle an increase in the size of the fund, the risk increases
that the proprietary knowledge used by the market timer will be
“‘leaked’’ to either competitors or the public generally. Such leaks
would diminish or even eliminate the rents that the market timer can
earn from this knowledge. Even if such direct leaks could be pre-
vented, for a large enough size, the transactions made by the fund will
affect market prices. If A(¢) is the amount of assets under manage-
ment, then every change requires a trade of $A(¢) A(¢) in the market
portfolio and $A (t)A(¢) in the riskless security. Thus, as A(¢) gets larger,
the market timer must either reduce his response (per unit of assets) to
a change in view, A(f), or pay a higher ‘‘spread.’’ Either action will
diminish the performance of the fund and therefore reduce the man-
agement fee that investors will be willing to pay for his services. In a
business whose whole value comes from proprietary knowledge which
cannot be protected by patients, it is not unreasonable that these latent
costs could be significant enough to induce an optimal fund size which
is small relative to the value of all securities.

Of course, to determine the optimal fund size and the associated
exact equilibrium structure of management fees would require an
analysis of the optimal behavior of the market timer. If the objective of
the market timer is to maximize the total profits that he receives for his
forecasting skills, then to achieve this objective, he can choose both
the management fee rate, m(¢), and the investment or leverage policy of
the fund, A(¢). He can also choose to have more than one fund, with a
different rate and policy for each fund. In general, the optimal fund size



On Market Timing and Investment Performance 401

and management fee will depend upon the cost function and the struc-
ture of investors’ demand functions for the fund, which in turn depend
upon their preferences, endowments, and probability assessments for
the returns on all available securities. However, as we now show,
neither the leverage chosen for the fund, A(¢), nor the number of funds
made available, K, will affect the total revenues received by the market
timer.

ProrosiTioN IV.7: Let mj(t) = M[t, A(t)] be the optimal manage-
ment fee rate for the ith fund when the leverage policy chosen for that
fund is A(?). If investors can borrow or sell short without restriction,
then (A) mi(t) = M[¢t, 1]JA(t), i = 1, . . ., K; and (B) the total
management fees received by the market timer are invariant to either
the number of funds K or the leverage policy A,(¢) chosen provided that
A;(r) > 0.

From (35) and (36), the return to investing $/ in fund i can be written as
Y(t) = 1Z(t) + Iaft) + IA(){@)/[1 + m¥(t)] where Z(¢) is given by
(28) with m(t) = mi#(t) and A(®) = A(), at) = NOAL) —
mf@O)IR@)/[1 + mi (D), and {(#) = [p(t) — OOIZ,(1) — R(2)] for 0 <
Z,(t) < R(?) and [6(1) — p (D)I[Z:(t) — R(#)] for Z,(t) > R(¢). Note that
the random variable {(¢) does not depend upon either m #(¢) or A(¢) and
therefore is the same for all the funds,i = 1, . . . , K. Consider the
following alternative investment of $I: invest $ in the portfolio with
return per dollar Z(¢); invest $/w;; in fund k; and go short $/w;, of the
portfolio with return per dollar Z,(¢) where we pick wy; = A(0)[1 +
mE){ A1 + m#()]}. The return to this alternative investment,
Yy(t), can be written as Yu(t) = IZy(t) + Iwyp{Zu(t) + op(t) +
ALY + mE@)]} — IwigZg(t). Substituting for w;,, we can rewrite
this expression as Y () = Y(¢) + I[wya(t) — a;(¢)]. By inspection, if
wyo(t) > ay(t), then Yy () > Y(¢) for every possible outcome, and
every investor would be better off to invest in fund k in the alternative
strategy than to invest in fund i. Therefore, to avoid fund i being
dominated by fund k, wga,(t) < a;(¢). Of course, to avoid fund k being
dominated by fund i, w;a;(f) < ay(t). Noting that w;;, = 1/w;;, we have
that for neither fund to be dominated by the other, wyau(t) = ay(?).
From the definition of w;, and «;(¢), we have, therefore, that m#(¢)/A;(¢)
=mi@t)/A@), fori,k =1, ..., K. It follows immediately that m#(r) =
MIt, 1]A;(t), which proves A.

Consider a set of optimal management fees {m¥(¢)} that support an
equilibrium allocation where an aggregate of $I(¢)(= 0) is invested in
fundi,i =1, ..., K. For wga(t) = aft), Ya(t) = Y{¢), and therefore
all investors would be indifferent between investing $/ in fund i or
investing $/w;, in fund k and using the alternative strategy. Thus, the
same set of optimal management fees that support the equilibrium
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allocation [Z;(z)] will also support the alternative equilibrium allocation
[1{(t)] where

(6 = D wult)

and Il(¢) = 0 fori = 2, . . ., K. In the first allocation, the total
management fee received by the market timer is

K
> LOmi@IL + mi@).

In the alternative allocation, the total management fee received by the
market timer is

D LOmI@IL + mi@)] = D, ouddmi @)1 + mi©)]

= > miOAMLOKAOLL + mFO1}

because w;; = A;(H)[1 + mF@)V/{A @)1 + m¥@)]}. However, from part
A, m¥@)A(t)/A(t) = m#(t). Hence,

K K
> L@mi@/ + mi@)] = > IOmi@/1 + m¥@)],

and the total management fee received is the same under either alloca-
tion. Since the choice of fund 1 in the alternative allocation was clearly
arbitrary, no conditions on A,(¢), other than it be positive, were im-
posed, and part (ii) is proved.

In essence, part (ii) of proposition IV.7 states that investors will not
pay (the market timer) for financial leverage that they can create for
themselves, and it is therefore a special version of the well-known
Modigliani-Miller theorem (1958).

Because the positions taken by the K funds described in proposition
IV.7 are based on the same (market timer’s) information set, their
returns will all be perfectly dependent, and there is no ‘‘diversification
effect’” on the management fees as was the case in proposition IV.6.
Moreover, if the market timer’s forecast is such that a change in the
position of one of his funds is warranted, then this same forecast
triggers a change in the positions of all his funds. Therefore, if the
effect on market prices of a transaction is solely a function of size, then
the aggregate cost to all his funds from ‘‘spreads’’ will depend only on
the size of the total transactions made by them in response to his
forecast. The size of these transactions will be

K
$ > AL
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in the market portfolio and the same amount in the riskless security
where A (¢) is the value of assets under management in fund i. In the
proof of part (ii) of proposition IV.7, it was shown that investors would
be indifferent between the allocations [/(¢)] and [I{(¢)] among the mar-
ket timer’s K funds. We now show that the size of total transactions in
response to the market timer’s forecast will be the same under either
allocation.

If I(¢) is the gross investment in fund i, then after taking out man-
agement fees, A (z) = I,(t)/[1 + m#(¢)]. Therefore, the size of the total
transactions under the first allocation is given by

DI AL + mE@)].

Similarly, the size of total transactions under the second allocation is
given by

K
> LOAI + mED).
1
Substituting for I;(¢), we can rewrite this latter expression as

> LOAOAWDIT + mEOU{IAMINL + mEON1 + mFEOT}

K
= > IO AW + m¥@)].
1

Therefore, the size of total transactions under either allocation is the
same. It follows that neither the leverage chosen for the fund nor the
number of funds made available will affect the market timer’s transac-
tion costs from spreads. Hence, from this result and proposition IV.7,
the total profits earned by the market timer will be invariant to either
the number of funds he manages or the leverage policies of the funds.

In contrast to the Jensen model (19724, sec. 4), we have from
proposition IV.7 that, from the investor viewpoint, there is no ‘‘opti-
mal”’ or “‘preferred’’ policy [n(z), m.(¢)]. All that is required here is
that investors know what the policy is and that () > n,(). While the
maximum management fee, A(¢)A(z), will only provide a reasonable
approximation to the true equilibrium fee if investment in the fund is a
small fraction of total investment, the proof of proposition IV.7 re-
quired no such assumption. Therefore, the conclusions of this proposi-
tion are valid, independent of the size of the fund. Hence, to analyze
the optimal behavior of a market timer and determine the equilibrium
value of his information, one can assume without loss of generality that
the market timer exploits his information by managing a single fund and
that the leverage policy of the fund is A(z) = 1.
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I close this study with a brief example which suggests that other than
in the (approximately) incipient case stressed here, it will not be appro-
priate to assume that transactions made by the market timer will have a
negligible effect on market prices. Therefore, to properly analyze the
optimal behavior of a market timer and the associated equilibrium
structure of management fees for the nonincipient case, one must
develop a significantly more complex model where the market timer
and investors in making their optimal decisions take into account the
effect of the fund’s size on the performance of the fund. Needless to
say, no such attempt will be made here.

For purposes of the example, we assume that investors are risk-
averse, mean-variance utility maximizers with homogeneous probabil-
ity assessments. It is also assumed that the distribution of the market
timer’s forecast error is independent of the return on the market, that
is, p1(¢) = po(¢) = p(¢). If it is assumed that the fund’s transactions have
no effect on market prices, then from a standard mean-variance
portfolio analysis, the equilibrium aggregate demand for the fund will
satisfy

DD = o O{Zu(t) — R@)] var [e)]}  (41)

where D,(?) is the equilibrium aggregate demand for (nonfund) invest-
ment in the market, Z,/(¢) and o}(¢) are, respectively, the agreed-upon
expected value and variance of the return per dollar on the market
portfolio. From (35), we have for p (t) = p(t) = p(¢) and A(¢) = 1 that

var [e(r)] = p(D[1 — pO]ai )1 + m(2)]%. (42)
Hence, from (32) and (42), (41) can be rewritten as
Dy(1)/Dy(t) = [(2p(t) — Dg(t) — mHI[1 + m()IR()/
{p[1 = pNZu(t) — R} (43)

If the market timer has no variable costs,?? then he will choose the
management fee which maximizes his total revenues, m(#)D(¢)/[1 +
m(t)]. This revenue-maximizing management fee, m*(¢), is given by

m*(t) = \2)/2
2p(r) — 11g(2)/2. (44)
Hence, from (44), (43) can be rewritten as
D(8)/D(t) = A2 + )\(t)]R(t)/{4p(t)[] — P(t)][ZM(t) _ R(t)]} (45)

By inspection, the equilibrium demand starts at zero when p(¢) = .5
and the market timer has no forecasting skills and is a strictly increas-

22. Of course, we have neglected throughout our analysis those operating costs
common to all investment companies including ‘‘passively managed’’ or *‘‘no-
information™ funds. So, the derived management fee is an ‘‘incremental’’ fee for fore-
casting skills. The ‘‘variable costs’ referred to here are the additional trading costs
associated with ‘‘actively managed” funds.
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ing function of p(¢). To provide a sense of the magnitude of aggregate
demand as a function of p(¢), we substitute into (45) the averages for
the other parameters based upon a long past history. From Ibbotson
and Sinquefield (1977, p. 19), the annual arithmetic excess return on the
market, Z,(t) — R(t), had an average of 9.2% with a standard deviation
of 22.6% for the period 1926—76. The average annual return on U.S.
Treasury bills for this same period was 2.4%. Using the historical
standard deviation for the market, we derive from (10) an estimate for
the 1-year put price, g (), equal to 0.09. Using these historical values in
(45), we have for a 1-year forecaster that

D;(t)/Dy(t) = 3.96 v(1)[1 + 0.09 v(1))/[1 — 4 v*(1)], (46)

where v(t) = p(¢t) — 0.5. Hence, for a market timer with an annual
forecasting edge of p(z) = 0.51, the equilibrium demand for his fund
would be approximately 4% of all other risky asset holdings. And for
each percentage point increase in his probability of a correct forecast,
the equilibrium demand will increase by fourfold. So, at p(t) = 0.55,
the fund will represent more than 20% of all other risky assets. Of
course, the demand would be even larger if the market timer’s fore-
casting interval were less than 1 year.

Noting that the assumed investment strategy for the fund requires
trades of the order of D4z), it is simply unrealistic to assume that
tranasactions of the size implied by (46) will not affect market prices.
We have, of course, only shown this to be the case in a specific
example. However, there is nothing especially pathological about the
example. Hence, to properly determine the optimal fund size for a
market timer with virtually any forecasting skill at all, one should
explicitly take into account the trading or ‘‘spread’’ costs associated
with the size of the fund.

In summary, it has been shown that, up to an additive noise term, the
pattern of returns from an investment strategy based upon market
timing will be the same as the pattern of returns from a ‘‘partial
protective put’’ option investment strategy. If this noise term which is
caused by forecast error is diversifiable, then, independent of inves-
tors’ preferences, endowments, or probability beliefs, the equilibrium
management fee is given by m(t) = AMO)A@) = [p(t) + p(t) — 1]
g2(®)[n:(t) — m()]. Because the equilibrium management fee is propor-
tional to the price of a put option on the market portfolio, the
comparative statics analysis of the equilibrium management fee pre-
sented in Section II for the perfect-forecasting case carries over to the
imperfect-forecasting case presented here. Finally, in the empirically
relevant case where the size of the market timer’s fund represents a
small fraction of the total value of all securities, A(¢)A(t) will provide
a close approximation to the exact equilibrium management fee.
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